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Introduction
The main purpose of this article is to present in the most natural way, that is, in the context of the
theory of vector and principal bundles and connections in them, fundamental geometrical concepts related to
general relativity (GR) and one of its extensions, the Einstein-Cartan theory (EC). Central concepts are the
curvature tensor Rµνρσ, the torsion tensor T
µ
νρ and the non-metricity tensor Qµνρ = −Dµgνρ as properties
of connections in a Riemannian or pseudo-Riemannian manifold, with metric gµν and affine connection Γ
µ
νρ.
(Dµ is the covariant derivative with respect to Γ
µ
νρ.) GR has to do with a metric symmetric connection,
the Levi-Civita connection, that only allows for Rµνρσ; EC theory involves a metric but not necessarily
symmetric connection, that allows also for T µνρ; while the theory of Weylian manifolds involves a non
necessarily metric (Qµνρ 6= 0) and non necessarily symmetric (T µνρ 6= 0) connection. (In units of length [L],
[Rµνρσ ] = [L]
−2, [T µνρ] = [Qµνρ] = [Γµνρ] = [L]−1, while [gµν ] = [L]0.)
One of the most beautiful equations of Physics is the equality to zero of the Einstein tensor, that is, the
Einstein’s equations in vacuum:
Gµν = 0,
where
Gµν = Rµν − 1
2
gµνR,
with R = gνσRνσ = g
νσgµρRµνρσ = g
νσRρνρσ. Gµν = 0 is equivalent to Ricci flatness:
Rµν = 0.
This however does not imply vanishing curvature; so, in GR, empty space-time can be curved. Instead, in
EC theory, torsion must be zero in vacuum.
It is remarkable that Gµν appears naturally when the Bianchi equations for the Levi-Civita connection
are expressed in terms of the Ricci tensor Rµν and the scalar curvature R. Then, Gµν is a purely geometric
object.
The use of the tetrads (ec) formalism along with their duals, the coframes or anholonomic coordinates
(ea), allows us to discover how GR and EC theory have an internal or gauge symmetry (Utiyama, 1956),
implemented by a connection that takes values in the Lie algebra of the Lorentz group L4: the spin connection
ωab. The variations of the Einstein-Hilbert action of pure gravity or gravity coupled to Dirac matter with
respect to ωab and ec lead, respectively, to the Cartan and Einstein equations, the former involving torsion
and the spin of matter, and the latter involving curvature and the energy-momentum of matter.
Later, through a shift of the ec’s one finds the translation gauge potential Ba; together, Ba and ωbc,
define a Poincare´ connection, extending the symmetry group of GR and EC theory to the semidirect product
P4⊙D, where P4 = T4⊙L4 is the Poincare´ group, with T4 the translation group, and D the group of general
coordinate transformations.
1
Finally, in the last section, we discuss the problem of defining a gauge invariant field strength for the
Maxwell field coupled to gravity, and the subsisting problem of the U(1)-gauge dependence of torsion in the
solution of the Cartan equation.
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1. Connections in smooth real vector bundles
Let ξ : Rm − E pi−→Mn be a smooth m dimensional real vector bundle over Mn ≡ M , a differentiable
manifold of dimension n. Let Γ(TM) denote the sections of the tangent bundle of M and Γ(E) denote the
sections of E. E is an m + n dimensional differentiable manifold; this can be easily shown from the local
triviality condition.
A connection in ξ is a function
∇ : Γ(TM)× Γ(E)→ Γ(E),
(X, s) 7→ ∇(X, s) ≡ ∇Xs
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which has the following properties:
i) ∇X+X′s = ∇Xs+∇X′s
ii) ∇fXs = f∇Xs, where f ∈ C∞(M,R): smooth real valued functions on M
iii) ∇X(s+ s′) = ∇Xs+∇Xs′
iv) ∇X(fs) = X(f)s+ f∇Xs (Leibnitz rule)
Γ(TM) and Γ(E) are infinite dimensional vector spaces over R, but modules over C∞(M,R) as a ring,
with dimensions n and m respectively. The Leibnitz rule shows that ∇ is not C∞(M,R)-linear in the second
entry. As will be shown below, this will be reflected in the fact that under a change of local coordinates, the
set of connection coefficients (Christoffel symbols) is not a tensor.
The value of the connection at (X, s) is called the covariant (or invariant) derivative of s in the direction
of X . ∇Xs :M → E, x 7→ ∇Xs(x) = (x, (∇Xs)x), with (∇Xs)x ∈ Ex: the fibre in E over x; Ex is a real m
dimensional vector space.
Notice that we can define the operator
∇X : Γ(E)→ Γ(E), ∇X(s) = ∇Xs
∇X ∈ LinR(Γ(E)) and obeys the Leibnitz rule.
One summarizes these concepts in the following diagram:
Rm
|
E
s ↑↓ π ↑ ∇Xs
Rn − TM piM→ M
X←
E =
⋃
x∈M{x} × Ex ≡
∐
x∈M Ex.
Note: M is a differentiable manifold; as such is a topological space. This global structure is defined in
M prior to any connection on ξ.
2. Linear connection in a differentiable manifold M
A linear connection on M is a connection in its tangent bundle. With E = TM we have:
∇ : Γ(TM)× Γ(TM)→ Γ(TM),
(X,Y ) 7→ ∇(X,Y ) ≡ ∇XY
with
i′) ∇X+X′(Y ) = ∇XY +∇X′Y
ii′) ∇fX(Y ) = f∇XY
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iii′) ∇X(Y + Y ′) = ∇XY +∇XY ′
iv′) ∇X(fY ) = X(f)Y + f∇XY
We shall denote by Conn(ξ) the set of connections in the vector (or principal, where appropiate) bundle
ξ.
Again, ∇X ∈ LinR(Γ(TM)) and obeys the Leibnitz rule.
3. Total covariant derivative of a section in ξ
Let Γ(T ∗M ⊗E) be the set of differential 1-forms in M with values in E. T ∗M ⊗ E is a vector bundle
on M :
Rn×m − T ∗M ⊗ E →M, with T ∗M ⊗ E =
∐
x∈M
T ∗xM ⊗ Ex.
The section ∇s ∈ Γ(T ∗M ⊗ E) is defined by
∇s : Γ(TM)→ Γ(E), X 7→ ∇s(X) := ∇Xs.
As for any differential form on M , ∇s is C∞(M,R)-linear i.e. ∇s(fX) = f∇s(X); however,
∇(fs) = sdf + f∇s.
In fact, ∇(fs)(X) = ∇X(fs) = X(f)s+ f∇Xs = f∇s(X)+ sX(f) = f∇s(X)+ sdf(X) = (f∇s+ sdf)(X).
∇s is called the total covariant derivative of the section s. In detail,
∇s : M → T ∗M ⊗ E, x 7→ (∇s)(x) = (x, (∇s)x), (∇s)x = αx ⊗ vx : TxM → Ex, Xx 7→ (∇s)x(Xx) =
αx(Xx)vx = λxvx where αx ∈ T ∗xM , vx ∈ Ex and λx ∈ R.
For a linear connection on M ,
∇Y : Γ(TM)→ Γ(TM), X 7→ (∇Y )(X) = ∇XY.
4. Local expressions for ∇Xs and ∇s
Let (Uα, σi)α∈J, i∈{1,...,m} be a basis of local sections of E i.e. σi : Uα → Eα = π−1(Uα), x 7→
σi(x) = (x, σix) ∈ {x} × Ex, with π ◦ σi = IdUα , and such that if s ∈ Γ(Eα), then s = Σmi=1siσi with
si ∈ C∞(Uα,R). Let ∂∂xµα ≡ ∂µ be a local coordinate basis of Γ(TUα) i.e. if X ∈ Γ(TU) then X = X
µ∂µ
with Xµ ∈ C∞(Uα,R). (If the domains of the local trivializations of the bundle E do not coincide with the
domains of the atlas U of the manifold M , one can always consider their intersections.) Then, locally,
∇Xs = ∇Xµ∂µ(siσi) = Xµ∇∂µ(siσi) = Xµ((∂µsi)σi + si∇∂µσi);
and since ∇∂µσi ∈ Γ(Eα) then
∇∂µσi := Γjµiσj
for a unique set of n×m2 functions Γjµi : Uα → R, called the Christoffel symbols of the connection ∇ in the
atlas U . For a linear vector bundle, m = 1, and then there are only n symbols: Γjµi ≡ Γµ.
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We then write
∇Xs = Xµ((∂µsi)σi + siΓjµiσj) = Xµ(∂µsj + siΓjµi)σj = Xµ(∂µδji + Γjµi)siσj = XµDjµisiσj
where we have defined the local covariant derivative operator
Djµi := ∂µδ
j
i + Γ
j
µi.
(Units: [Γjµi] = [x
µ]−1; in natural units [Γjµi] = [mass] if [x
µ] = [length].)
We can also write
∇Xs = Xµsj;µσj with Dµsj ≡ sj;µ = Djµisi = sj,µ + Γjµisi and sj,µ = ∂µsj .
Notice that the ordinary derivative term sj ,µ is due to the Leibnitz rule.
Locally, we can write
∇s = dxµ ⊗∇∂µs.
In fact, ∇s(X) = (dxµ ⊗ ∇∂µs)X = dxµ(X)∇∂µs = dxµ(Xν∂ν)∇∂µs = Xνdxµ(∂ν)∇∂µs = Xνδµν∇∂µs =
Xµ∇∂µs = ∇Xs. Then
∇s = dxµ⊗(∂µδji +Γjµi)siσj = dxµ⊗(∂µsjσj+Γjµisiσj) = dxµ⊗∂µsjσj+dxµ⊗Γjµisiσj = dsj⊗σj+Γji⊗siσj
where Γji is an m×m matrix of 1-forms on Uα given by
Γji = dx
µΓjµi.
We can write Γji ⊗ siσj = Γjisi ⊗ σj = (Γs)j ⊗ σj and then
∇s = dsj ⊗ σj + (Γs)j ⊗ σj = (dsj + (Γs)j)⊗ σj = ((d + Γ)s)j ⊗ σj
i.e.
∇s = (d+ Γ)s ∈ Γ(T ∗U ⊗ E).
Then, locally,
∇ = d+ Γ.
Let si;µ(x)=0 i.e.
si,µ(x) + Γ
i
µj(x)s
j(x) = 0.
Multiplying by dxµ|x we obtain
si,µ(x)dx
µ|x = −Γiµj(x)sj(x)dxµ|x ∈ T ∗xU.
The r.h.s.
−Γiµj(x)sj(x)dxµ|x ≡ (δ||s)i|x,
is called the infinitesimal parallel transport (transfer) (Schroedinger, 1950) of the section si by the connection
∇ along the 1-form dxi|x (see section 8), and we see that for a covariantly constant section, it coincides with
the differential of si at x, dsi|x. The transfer of the section, proportional to dxλ|x and to the section itself,
just follows the values of si along dxλ (when si;µ = 0). When s
i;µ 6= 0, (δ||s)i|x still is the parallel transfer of
si through dxλ, but it fails to follow the value of the section. (A more detailed discussion can be found in
Cheng, 2010.)
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5. Local expression for ∇XY
When E = TM , σi = ∂ν and
∇∂µ∂ν = Γρµν∂ρ
for a unique set of n3 smooth functions Γρµν : Uα → R. (Γρµν is not necessarily symmetric or antisymmetric
in µ and ν.) Then,
∇XY = XµDρµνY ν∂ρ, Dρµν = ∂µδρν + Γρµν ,
DρµνY
ν = ∂µY
ρ + ΓρµνY
ν , ∇XY = (∇XY )ρ∂ρ,
(∇XY )ρ = Xµ(∂µδρν + Γρµν)Y ν .
The quantity
DρµνY
ν = ∂µY
ρ + ΓρµνY
ν ≡ Y ρ;µ ≡ DµY ρ
is the covariant derivative of the local vector field Y ρ in the direction of ∂∂xµ . Then,
(∇XY )ρ = XµDµY ρ.
If V µ is a local vector field and Aµ is a local differential 1-form in M
n, then ϕ = V µAµ is a scalar
(0-rank tensor) i.e. ϕ′ = ϕ or V ′µA′µ = V
µAµ under x
ν → x′ν . The covariant derivative of a scalar is
naturally defined as
ϕ;ν = ϕ,ν
and the Leibnitz rule is assumed for the covariant derivative of the product of arbitrary tensors T and S:
(TS);µ = T;µS + TS;µ
. Then,
ϕ;ν = (V
µAµ),ν = (∂νV
µ)Aµ + V
µ∂νAµ = V
µ
;νAµ + V
µAµ;ν
and so
V µAµ;ν = V
µ
,νAµ+V
µAµ,ν −V µ;νAµ = V µ,νAµ+V µAµ,ν −V µ,νAµ−ΓµνρV ρAµ = V µAµ,ν −ΓµνρV ρAµ = V ρAρ;ν
where
Aρ;ν = Aρ,ν − ΓµνρAµ ≡ DνAρ
is the covariant derivative of the local 1-form Aρ in the direction of
∂
∂xν .
6. Example: the trivial connection in Rn
Consider M = Rn; then with X,Y ∈ Γ(TM) we define
∇0XY := X(Y ν)∂ν = Xρ∂ρ(Y ν)∂ν .
Additivity in both X and Y , and C∞(M,R)-linearity in X are trivial; finally, ∇0X(fY ) = Xρ∂ρ(fY ν)∂ν =
X(f)Y + fX(Y ν)∂ν = X(f)Y + f∇0XY .
In particular,
∇0∂µ (∂ν) = Γ0ρµν∂ρ = ∇0∂µ(δρν)∂ρ = ∂µ(δρν)∂ρ = 0
and therefore
Γ0ρµν = 0.
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Note. We can compare with the Lie derivative LXY :
LXY = [X,Y ] = X(Y ν)∂ν − Y (Xν)∂ν = [X,Y ]ν∂ν = ∇0XY −∇0YX ;
then
∇0XY −∇0YX − [X,Y ] = 0.
As we shall see later, this means that ∇0 is torsion free.
For ∇0Y we have:
∇0Y = d(Y ρ)∂ρ.
In fact, (∇0Y )(X) = dxν∂ν(Y ρ)∂ρ(X) = dxν(X)∂ν(Y ρ)∂ρ = X(xν)∂ν(Y ρ)∂ρ = Xν∂ν(Y ρ)∂ρ = X(Y ρ)∂ρ
= ∇0X(Y ).
7. Transformation of Γµνρ under a change of local coordinates (charts) in M
From the definition of the Γρµν-functions and using
∂λ =
∂
∂xλ
=
∂
∂x′σ
∂x′σ
∂xλ
one obtains:
∇ ∂x′σ
∂xµ
∂
∂x′σ
(
∂
∂x′λ
∂x′λ
∂xν
) =
∂x′σ
∂xµ
∇ ∂
∂x′σ
(
∂x′λ
∂xν
∂
∂x′λ
) =
∂x′σ
∂xµ
(
∂
∂x′σ
(
∂x′λ
∂xν
)
∂
∂x′λ
+
∂x′λ
∂xν
(∇ ∂
∂x′σ
∂
∂x′λ
))
=
∂x′σ
∂xµ
(
∂xα
∂x′σ
∂2x′λ
∂xα∂xν
∂
∂x′λ
+
∂x′λ
∂xν
Γ′ρσλ
∂
∂x′ρ
) =
∂x′σ
∂xµ
∂xα
∂x′σ
∂2x′λ
∂xα∂xν
∂
∂x′λ
+
∂x′σ
∂xµ
∂x′β
∂xν
Γ′λσβ
∂
∂x′λ
=
∂2x′λ
∂xµ∂xν
∂
∂x′λ
+
∂x′α
∂xµ
∂x′β
∂xν
Γ′λαβ
∂
∂x′λ
= Γρµν
∂x′λ
∂xρ
∂
∂x′λ
which implies, by the linear independence of the coordinate tangent fields ∂
∂x′λ
,
Γρµν
∂x′λ
∂xρ
=
∂2x′λ
∂xµ∂xν
+
∂x′α
∂xµ
∂x′β
∂xν
Γ′λαβ ;
finally, multiplying by the inverse transformation ∂x
γ
∂x′λ
and using ∂x
γ
∂x′λ
∂x′λ
∂xρ = δ
γ
ρ one obtains
Γγµν =
∂xγ
∂x′λ
∂x′α
∂xµ
∂x′β
∂xν
Γ′λαβ +
∂xγ
∂x′λ
∂2x′λ
∂xµ∂xν
.
The second term on the r.h.s., which comes from the fact that ∇ obeys the Leibnitz rule, shows that the
Γµνρ functions do not transform as tensors.
Provisional definition of a tensor (previous to the existence of any metric in the manifold)
In a chart Uα(x
µ
α ≡ xµ) of Mn, a tensor with r “contravariant” and s “covariant” indices is a set of
nr+s functions on Uα with values in R,
{T µ1...µrν1...νs , µk, νl = 1, . . . , n, k = 1, . . . , r, l = 1, . . . , s}
such that in a chart Uβ(x
′ν
β ≡ x′ν) which overlaps with Uα(xµα) becomes the set
T ′α1...αrβ1...βs =
∂x′α1
∂xµ1
. . .
∂x′αr
∂xµr
∂xν1
∂x′β1
. . .
∂xνs
∂x′βs
T µ1...µrν1...νs
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for x′ = x′(x) in the overlap Uα ∩ Uβ.
Remark: The concept of covariant and contravariant indices has sense only if there exists a metric in
the manifold.
An r-contravariant and s-covariant tensor can be considered a C∞(M,R)-multilinear map from the
tensor product of s factors of Γ(TM) and r factors of Γ(T ∗M) with values in C∞(M,R). On a chart Uα,
T = T µ1...µrν1...νs dx
ν1
α ⊗ . . .⊗ dxνsα ⊗
∂
∂xµ1α
⊗ . . .⊗ ∂
∂xµrα
: (⊗s(Γ(TUα))⊗ (⊗rΓ(T ∗Uα))→ C∞(Uα,R),
V ρ11
∂
∂xρ1α
⊗ . . .⊗ V ρss
∂
∂xρsα
⊗A1σ1dxσ1α ⊗ . . .⊗Arσrdxσrα 7→ T µ1...µrν1...νs dxν1α (V ρ11
∂
∂xρ1α
) . . . dxνsα (V
ρs
s
∂
∂xρsα
)
× ∂
∂x
µ1
α
(A1σ1dx
σ1
α ) . . .
∂
∂xµrα
(Arσrdx
σr
α ) = T
µ1...µr
ν1...νs V
ρ1
1 δ
ν1
ρ1 . . . V
ρs
s δ
νs
ρsA1σ1δ
σ1
µ1 . . . Arσrδ
σr
µr
= T µ1...µrν1...νs V
ν1
1 . . . V
νs
s A1µ1 . . . Arµr .
We’ll call τrs (M) to the C
∞(M,R)-module of r-contravariant and s-covariant tensors on Mn. For
example, τ10 (M) = Γ(TM): vector fields on M ; τ
0
1 (M) = Γ(T
∗M): differential 1-forms on M . In general,
τrs (M) = Γ(T
r
sM): sections of the bundle of r(s) contravariant (covariant) tensors on M , with T
1
0M = TM
and T 01M = T
∗M .
Locally, given a tensor T µ1...µrν1...νs and a connection Γ
ρ
µν in the manifold M
n, the covariant derivative of
T µ1...µrν1...νs in the direction of
∂
∂xµα
is given by
DµT
µ1...µr
ν1...νs ≡ T µ1...µrν1...νs;µ =
∂
∂xµα
T µ1...µrν1...νs + Γ
µ1
µα1T
α1µ2...µr
ν1...νs + . . .+ Γ
µr
µαrT
µ1...µr−1αr
ν1...νs − Γα1µν1T µ1...µrα1ν2...νs − . . .
−ΓαsµνsT µ1...µrν1...νs−1αs .
It can be verified that T µ1...µrν1...νs;µ is an r-contravariant and s+ 1-covariant tensor.
Remark: Notice that while the operators ∇X send tensors (or sections in general) of a given order to
tensors of the same order, for both covariant and contravariant indices, the operators Dµ map (r, s)-tensors
into (r, s+ 1)-tensors.
Tensors in arbitrary vector bundles
In Uα∩Uβ ⊂Mn consider the change of local coordinates and sections: ∂∂xµ = ∂∂x′ν ∂x
′ν
∂xµ and σk = f
−1j
kσ
′
j
with xµ = xµα, x
′ν = xνβ , σk = σkα, and σ
′
j = σjβ ; µ, ν = 1, . . . , n; j, k = 1, . . . ,m; at each x ∈ Uα ∩ Uβ, f
and f−1 take values in GLm(R) with σ′j = f
k
jσk. We study the transformation of the Christoffel symbols
Γiµj of a connection ∇ in ξ : Rm − E pi−→Mn:
∇µσi = Γjµiσj = ∇ ∂
∂xµ
σi = ∇ ∂x′ν
∂xµ
∂
∂x′ν
f−1
j
iσ
′
j =
∂x′ν
∂xµ
∇ ∂
∂x′ν
f−1
j
iσ
′
j =
∂x′ν
∂xµ
((
∂
∂x′ν
f−1
j
i )σ
′
j + f
−1j
i∇ ∂
∂x′ν
σ′j)
= ∂x
′ν
∂xµ (
∂
∂x′ν f
−1l
i + f
−1j
iΓ
′l
νj)σ
′
l) = Γ
j
µif
−1l
jσ
′
l
i.e.
Γjµif
−1l
j =
∂x′ν
∂xµ
(
∂
∂x′ν
f−1
l
i + f
−1j
iΓ
′l
νj);
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multiplying by f rl and using f
−1l
jf
r
l = δ
r
j we obtain
Γrµi =
∂x′ν
∂xµ
f−1
j
if
r
lΓ
′l
νj +
∂x′ν
∂xµ
f rl
∂
∂x′ν
(f−1
l
i).
The homogeneous part in the connection coefficients gives the general law for the tensorial transformation
of an object with r(v) contravariant or upper (covariant or lower) internal indices, r, v = 1, . . . ,m, and s(t)
contravariant (covariant) space-time (external) indices, s, t = 1, . . . , n:
T µ1...µsa1...arν1...νtb1...bv =
∂xµ1
∂x′ρ1
· · · ∂x
µs
∂x′ρs
∂x′σ1
∂xν1
· · · ∂x
′σt
∂xνt
fa1c1 · · · far crf−1
d1
b1 · · · f−1
dv
bvT
′ρ1...ρsc1...cr
σ1...σtd1...dv .
For example,
T µνa =
∂xµ
∂x′ρ
∂xν
∂x′σ
fabT
′ρσb, T µνab =
∂xµ
∂x′ρ
∂xν
∂x′σ
f−1
c
af
−1d
bT
′ρσ
cd.
8. Directional covariant derivative and parallel transport of tensors; geodesics
If c : (a, b)→Mn, λ 7→ c(λ), with (a, b) an open interval in R, is a smooth path in Mn locally given by
c(λ) = (x1(λ), . . . , xn(λ)), then the covariant derivative of T µ1...µrν1...νs along c is the tensor defined by
(
DT
dλ
)µ1...µrν1...νs :=
dxµ
dλ
DµT
µ1...µr
ν1...νs .
We have then defined the covariant derivative operator along the path c through
D
dλ
=
dxµ
dλ
Dµ.
In detail,
(
DT
dλ
)µ1...µrν1...νs =
dxµ
dλ
(
∂
∂xµ
T µ1...µrν1...νs + Γ
µ1
µα1T
α1µ2...µr
ν1...νs + . . .− ΓαsµνsT µ1...µrν1...νs−1αs)
=
d
dλ
T µ1...µrν1...νs +
dxµ
dλ
Γµ1µα1T
α1µ2...µr
ν1...νs + . . .−
dxµ
dλ
ΓαsµνsT
µ1...µr
ν1...νs−1αs .
Symbolically,
DT
dλ
=
d
dλ
T + c˙Γ∗T ∗ − c˙Γ∗T∗
where ∗ denotes the contractions.
For a vector field V µ,
(
DV
dλ
)µ =
d
dλ
V µ +
dxν
dλ
ΓµνρV
ρ
i.e.
(
DV
dλ
)|λ = (dV
µ(λ)
dλ
+
dxν(λ)
dλ
Γµνρ(λ)V
ρ(λ))
∂
∂xµ
|λ
where the dependence of λ is through c, and for a differential 1-form Aµ,
(
DA
dλ
)µ =
dAµ
dλ
− dx
ν
dλ
ΓρµνAρ
i.e.
(
DA
dλ
)|λ = (dAµ(λ)
dλ
− dx
ν(λ)
dλ
Γρµν(λ)Aρ(λ))dx
µ|λ.
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If, in particular, V µ = dx
µ
dλ : the tangent vector to the curve c at λ, i.e. V = c˙, then
(
Dc˙
dλ
)µ =
d2xµ
dλ2
+
dxν
dλ
Γµνρ
dxρ
dλ
.
Symbolically DVdλ = (
d
dλ + c˙Γ)V i.e.
D
dλ =
d
dλ + c˙Γ for vectors, and
DA
dλ = (
d
dλ − c˙Γ)A i.e. Ddλ = ddλ − c˙Γ for
1-forms.
A tensor T is said to be parallel transported by the connection ∇ from c(λ0) to c(λ1) along the smooth
curve c in Mn (a < λ0 < λ1 < b), if
DT
dλ
= 0 for all λ ∈ [λ0, λ1]
i.e. if
dT (λ)
dλ
= −c˙Γ∗(λ)T ∗(λ) + c˙Γ∗(λ)T∗(λ).
This is a system of nr+s ordinary differential equations of first order (ODE-1). By general theorems on
ODE-1, if Tλ0 ∈ τrs (c(λ0)) then there exists and is unique a parallel transported tensor T (λ) along c, in
particular at c(λ1), such that T (λ0) = Tλ0 .
The parallel transport of T depends on Γ i.e. on ∇ and on the path c. There exists a vector space
isomorphism
P∇c : τ
r
s (c(λ0))→ τrs (c(λ1)), Tλ0 7→ P∇c (Tλ0) = Tλ1
with (P∇c )
−1 = P∇c−1 where c
−1(λ) = c(λ1 + λ0 − λ).
The equations of parallel transport for vector fields and differential 1-forms are
(
DV
dλ
)µ = 0⇔ dV
µ
dλ
= −dx
ν
dλ
ΓµνρV
ρ
and
(
DA
dλ
)µ = 0⇔ dAµ
dλ
=
dxν
dλ
ΓρµνAρ
respectively.
In particular, a curve c is a geodesic in Mn with respect to the connection ∇, if its tangent vector c˙ is
parallel transported along c:
(
Dc˙
dλ
)µ = 0⇔ d
2xµ
dλ2
= −Γµνρ
dxν
dλ
dxρ
dλ
.
Symbolically,
Dc˙
dλ
= 0⇔ c¨ = −Γc˙2.
In more detail,
x¨µ(λ) + Γµνρ(λ)x˙
ν(λ)x˙ρ(λ) = 0,
which is a system of n ordinary differential equations of second order (ODE-2) for c(λ) (xµ(λ)). Given
(x0, vx0) ∈ TM , there always exists a unique solution to this system of equations in an interval (λ0−ǫ, λ0+ǫ),
ǫ > 0 with the initial conditions c(λ0) = x0 and c˙(λ0) = vx0 .
The geodesic equation is invariant under the change λ 7→ aλ+ b, with a, b ∈ R, a 6= 0. (See also section
13.)
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Notice the arbitrariness of vx0 at x0, and the fact that the whole geodesic is determined in the interval
(λ0 − ǫ, λ0 + ǫ) (“globally”) from the initial data.
For the trivial connection in Rn (section 6), Γ0µνρ = 0 and then the solutions of the geodesic equation
are straight lines:
x¨µ(λ) = 0 ⇒ xµ(λ) = aµλ+ bµ.
9. Curvature and torsion of a connection
Let ∇ be a connection on ξ : Rm − E pi−→Mn. The curvature of ∇ is defined as follows:
R : Γ(TM)× Γ(TM)× Γ(E)→ Γ(E), (X,Y, s) 7→ R(X,Y, s) := ([∇X ,∇Y ]−∇[X,Y ])(s)
i.e.
R(X,Y, s) = ∇X(∇Y (s))−∇Y (∇X(s))−∇[X,Y ](s).
Clearly, R(X,Y, s) = −R(Y,X, s).
We’ll show that R is C∞(M,R)-linear in its three entries. This will have as a consequence that the set
of local components of R behaves as a tensor.
i) R(fX, Y, s) = ∇fX∇Y s − ∇Y∇fXs − ∇[fX,Y ]s = f∇X∇Y s − ∇Y (f∇Xs) − ∇f [X,Y ]−Y (f)Xs =
f∇X∇Y s− Y (f)∇Xs− f∇Y∇Xs−∇f [X,Y ]s+∇Y (f)Xs = f∇X∇Y s− Y (f)∇Xs− f∇Y∇Xs− f∇[X,Y ]s+
Y (f)∇Xs = f(∇X∇Y −∇Y∇X −∇[X,Y ])(s) = fR(X,Y, s);
ii) R(X, fY, s) = −R(fY,X, s) = −fR(Y,X, s) = fR(X,Y, s);
iii) R(X,Y, fs) = ∇X∇Y (fs)−∇Y∇X(fs)−∇[X,Y ](fs) = ∇X(Y (f)s+f∇Y s)−∇Y (X(f)s+f∇Xs)−
[X,Y ](f)s−f∇[X,Y ]s = X(Y (f))s+Y (f)∇Xs+X(f)∇Y s+f∇X∇Y s−Y (X(f))s−X(f)∇Y s−Y (f)∇Xs−
f∇Y∇Xs−X(Y (f))s+ Y (X(f))s− f∇[X,Y ]s = f(∇X∇Y −∇Y∇X −∇[X,Y ])(s) = fR(X,Y, s).
Locally (in a common chart for ξ and M),
R(∂µ, ∂ν , σj) = [∇∂µ ,∇∂ν ](σj)−∇[∂µ,∂ν ](σj), but [∂µ, ∂ν ] = 0 and ∇0s = ∇0Xs = 0∇Xs = 0, then
R(∂µ, ∂ν , σj) = [∇∂µ ,∇∂ν ](σj) = ∇∂µ(∇∂ν (σj))−∇∂ν (∇∂µ (σj)) = ∇∂µ(Γiνjσi)−∇∂ν (Γiµjσi)
= ∂µ(Γ
i
νj)σi + Γ
i
νjΓ
l
µiσl − ∂ν(Γiµj)σi − ΓiµjΓlνiσl = Rkµνjσk with
Rkµνj = ∂µΓkνj − ∂νΓkµj + ΓkµiΓiνj − ΓkνiΓiµj .
Then
R(X,Y, s) = XµY νsjR(∂µ, ∂ν , σj) = XµY νsjRiµνjσi.
For a linear connection in a manifold,
Rρµνσ = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ,
with R(X,Y, Z) = XµY νZσR(∂µ, ∂ν , ∂σ) = XµY νZσRρµνσ∂ρ.
In particular, R(∂µ, ∂ν , Z) = [∇∂µ ,∇∂ν ](Z) = ZσRρµνσ∂ρ or R(∂µ, ∂ν , ∂σ) = [∇∂µ ,∇∂ν ](∂σ) = Rρµνσ∂ρ.
Defining
R˜ : Γ(TM)× Γ(TM)→ EndC∞M (Γ(TM)), R˜(X,Y ) : Γ(TM)→ Γ(TM), R˜(X,Y )(Z) := R(X,Y, Z)
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one obtains, in particular,
R˜(∂µ, ∂ν) = [∇∂µ ,∇∂ν ],
which is the usual expression of curvature in terms of a commutator of local covariant derivatives.
If in Rρµνσ we contract ρ with σ we obtain the antisymmetric tensor
Sµν = ∂µΓ
ρ
νρ − ∂νΓρµρ = −Sνµ,
and if we contract ρ with ν we obtain the tensor
Rµσ = ∂µΓρρσ − ∂ρΓρµσ + ΓρµλΓλρσ − ΓρρλΓλµσ.
In general, Rµσ is non symmetric, not even when Γµνρ = Γµρν . In this case, however, its antisymmetric part
is the half of Sµν :
R{µσ} =
1
2
(Rµσ −Rσµ) = 1
2
Sµσ.
But the definition of Sµν does not require a symmetric connection.
In GR, where ∇ is the Levi-Civita connection (section 13) uniquely determined by the metric in a
pseudo-riemannian (lorentzian) manifold, it is usual to denote
Rρµνσ = Rρσµν
with R ≡ R : Γ(TM)× Γ(TM)× Γ(TM)→ Γ(TM), (X,Y, Z) 7→ R(X,Y, Z) = ([∇X ,∇Y ]−∇[X,Y ])(Z) =
XµY νZσRρσµν∂ρ. This definition holds for any connection, like the Weyl connection (non-metric symmetric),
or that corresponding to the Einstein-Cartan theory (metric non-symmetric).
Clearly, Rρσµν = −Rρσνµ. Since R(∂µ, ∂ν , ∂σ) = Rρµνσ∂ρ = Rρσµν∂ρ, then
< dxλ,R(∂µ, ∂ν , ∂σ) >=< dxλ, Rρσµν∂ρ >=< dxλ, ∂ρ > Rρσµν = δλρRρσµν = Rλσµν
where < , > denotes the 1-form-vector contraction, which is independent of the metric.
(R : Γ(TU)× Γ(TU)× Γ(TU)→ Γ(TU), (∂µ, ∂ν , ∂σ) 7→ R(∂µ, ∂ν , ∂σ).)
For a symmetric connection, Γρµν = Γ
ρ
νµ (see section 13),
Rρσµν = ∂µΓ
ρ
σν − ∂νΓρσµ + ΓλσνΓρλµ − ΓλσµΓρλν . (∗)
The torsion T of a linear connection ∇ on a manifold Mn is defined as follows:
T : Γ(TM)× Γ(TM)→ Γ(TM), (X,Y ) 7→ T (X,Y ) : ∇XY −∇YX − [X,Y ].
It holds:
i) T (X,Y ) = −T (Y,X)
ii) T 0 = 0 for the trivial connection ∇0 in Rn.
iii) T is C∞(M,R)-linear in X and Y i.e. T (fX, Y ) = T (X, fY ) = fT (X,Y ).
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iv) Locally, in a chart Uα(x
µ
α), α ∈ J ,
T (X,Y ) = (T (X,Y ))µ
∂
∂xµ
= ((∇XY )µ − (∇YX)µ − [X,Y ]µ) ∂
∂xµ
= Xν2T µνρY
ρ ∂
∂xµ
with
T µνρ =
1
2
(Γµνρ − Γµρν) = −T µρν = Γµ[νρ].
If Xν = δνλ i.e. X = δ
ν
λ
∂
∂xν =
∂
∂xλ , and Y
ρ = δρσ i.e. Y = δ
ρ
σ
∂
∂xρ =
∂
∂xσ , then
T (
∂
∂xν
,
∂
∂xρ
) = (Γµνρ − Γµρν)
∂
∂xµ
= 2T µνρ
∂
∂xµ
i.e. T µνρ =
1
2 (T (
∂
∂xν ,
∂
∂xρ ))
µ.
A straightforward calculation leads to:
[Dρ, Dσ]V
µ = Dρ(DσV
µ)−Dσ(DρV µ) = (V µ;σ);ρ − (V µ;ρ);σ = RµλρσV λ − 2T λρσV µ;λ.
If ϕ is a scalar, then [Dµ, Dν ](ϕ) = Dµ(∂νϕ) −Dν(∂µϕ) = Dµ(ϕ;ν)−Dν(ϕ;µ) = ∂µϕ;ν − Γρµνϕ;ρ − ∂νϕ;µ +
Γρνµϕ;ρ = −(Γρµν − Γρνµ)∂ρϕ i.e.
[Dµ, Dν ](ϕ) = −2T ρµν∂ρϕ.
So, [Dµ, Dν ](ϕ) = 0 if T
ρ
µν = 0.
Then, with ϕ = V αWα and using the Leibnitz rule, for a covariant vector (1-form) one obtains
[Dµ, Dν ]Wα = −RσαµνWσ − 2T ρµνWα;ρ.
The generalization for a tensor T µ1...µrν1...νs is
[Dµ, Dν ](T
µ1...µr
ν1...νs ) = R
µ1
λµνT
λµ2...µr
ν1...νs + · · ·+RµrλµνT µ1...µr−1λν1...νs −Rλν1µνT µ1...µrλν2...νs − · · · −RλνsµνT
µ1...µr
ν1...νs−1λ
−2T λµνT µ1...µrν1...νs;λ.
For a symmetric connection, Γµνρ = Γ
µ
ρν and therefore
T µνρ = 0
in all charts. I.e. a symmetric connection (like the Levi-Civita connection (section 13)) is torsion free. From
the transformation of the Γµνρ’s, it is clear that T
µ
νρ is a tensor. In particular one has
[Dρ, Dσ]V
µ = RµλρσV
λ.
The modified torsion tensor is defined as
T˜ µνρ = T
µ
νρ −
1
n− 1(δ
µ
ρTν − δµνTρ)
where Tν = T
σ
νσ is the torsion “vector” (in fact, it is a 1-form). T˜
µ
νρ is traceless i.e. T˜
µ
νµ = 0.
10. Geometric interpretation of curvature and torsion
Curvature
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Consider the infinitesimal parallelogram pqrs in Mn with coordinates xµ, xµ + ǫµ, xµ + ǫµ + δµ, xµ + δµ
respectively, with |ǫµ|, |δµ| ≪ 1. Let c and c′, not necessarily part of geodesics, be curves which join p with
r through q and s respectively, and ∇ (locally Γ) be an arbitrary connection in Mn. Let Vp ∈ TpM ; its
variation from p to q through c is obtained from the formula of the covariant derivative of a vector along
a curve (section 8), which implies DV µ = dλ(DVdλ )
µ = dV µ + dxνΓµνρV
ρ; if the transport is parallel then
DV µ = 0 i.e. dV µ = −dxνΓµνρV ρ. So through c, dV µ|c = V µq |c − V µp and with dxµ = ǫµ one obtains
V µq |c = V µp − ǫνΓµνρ(p)V ρp .
Then,
V µr |c = V µq |c − δαΓµαρ(q)V ρq |c = V µp − ǫνΓµνρ(p)V ρp − δαΓµαλ(q)(V λp − ǫνΓλνρ(p)V ρp )
= V µp − ǫνΓµνρ(p)V ρp − δα(Γµασ(p) + ∂λΓµασ(p)ǫλ)(V σp − ǫνΓσνρ(p)V ρp )
= V µp − V ρp Γµνρ(p)ǫν − V ρp Γµνρ(p)δν − V ρp ∂νΓµαρ(p)δαǫν + V ρp Γσνρ(p)Γµασδαǫν
= V µp − V ρp Γµνρ(p)ǫν − V ρp Γµνρ(p)δν − V ρp (∂νΓµαρ(p)− Γσνρ(p)Γµασ(p))δαǫν ,
where we have neglected terms of order higher than two in ǫ′s and δ′s; to obtain V µr |c′ we simply change
δ ↔ ǫ which is equivalent to the change α↔ ν:
V µr |c′ = V µp − V ρp Γµνρ(p)δν − V ρp Γµνρ(p)ǫν − V ρp (∂αΓµνρ(p)− Γσαρ(p)Γµνσ(p))δαǫν .
Then the difference of the two parallel transports is
V µr |c′ − V µr |c = (∂νΓµαρ(p)− ∂αΓµνρ(p) + Γµνσ(p)Γσαρ(p)− Γσνρ(p)Γµασ(p))V ρp δαǫν = Rµρνα(p)V ρp ǫνδα
≡ Rµρνα(p)V ρp Aνα where Aνα is the infinitesimal area ǫνδα enclosed by the curves c and c′. Clearly,
V µr |c′ = V µr |c if and only if Rµρνα(p) = 0.
Then, the curvature tensor measures the difference between the parallel transport of a vector through the
paths c and c′, where c ∪ (−c′) is a loop.
V µr |c′ − V µr |c amounts to a rotation, since norms of vectors do not change by parallel transport induced
by metric connections (appendix B); then one says that curvature is the rotational part of the connection.
When parallel transport is independent of the path, that is, for a vanishing curvature, the connection
is said to be integrable (or flat).
Torsion
As before, consider the points p, q and s with coordinates xµ, xµ+ǫµ and xµ+δµ, respectively. Consider
the infinitesimal vectors at p, ǫµp
∂
∂xµ |p and δνp ∂∂xν |p (ǫµp = ǫµ, δνp = δν); regarded as infinitesimal displacements
(translations) in Mn, they respectively define the points q and s. Make the parallel transport of ǫµp
∂
∂xµ |p
along δνp : we obtain the vector at s, V
µ
s = ǫ
µ
p − δνΓµνρ(p)ǫρp; so the total displacement vector from p to r is
δµp + ǫ
µ
p − δνpΓµνρ(p)ǫρp;
similarly, making the parallel displacement of δν ∂∂xν |p along ǫµ one obtains the vector at q, V νq = δνp −
ǫαΓναβ(p)δ
β
p ; and the total displacement vector from p to r is
ǫµp + δ
µ
p − ǫαpΓµαβ(p)δβp .
The difference between the two vectors is
−ǫαp δβpΓµαβ(p) + ǫαp δβpΓµβα(p) = ǫαp δβp (Γµβα(p)− Γµαβ(p)) = 2T µβα(p)ǫαp δβp .
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So, the torsion measures the failure of the closure of the parallelogram made of the infinitesimal displacement
vectors and their parallel transports.
Since the last expression is a translation, one says that torsion is the translational part of the connection.
11. Exterior covariant derivative and curvature 2-form
Up to here we have considered the vector bundle ξ : Rm−E pi−→Mn. Now we shall consider the vector
bundle ξk whose sections are the k-differential forms α⊗ s on Mn with values in E:
R
n!
k!(n−k)!
×m − ΛkT ∗M ⊗ E pik−→M
with ΛkT ∗M⊗E =∐x∈M ΛkT ∗xM⊗Ex; clearly, ξ0 = ξ. α⊗s ∈ Γ(ΛkT ∗M⊗E) with (α⊗s)(x) = (x, (α⊗s)x),
(α⊗ s)x ∈ ΛkT ∗xM ⊗ Ex; if, as before, {σi}mi=1 is a basis of sections of E in Uα ⊂M , x ∈ Uα, and {xµα}nµ=1
are local coordinates on Uα, then
{dxµ1α |x ∧ . . . ∧ dxµkα |x ⊗ σix, i = 1, . . . ,m, n ≥ µk > . . . > µ1 ≥ 1}
is a basis of ΛkT ∗xM ⊗ Ex. So,
(α⊗ s)x = Σmi=1Σn≥µk>...>µ1≥1 tiµ1...µkdxµ1α |x ∧ . . . ∧ dxµkα ⊗ σix,
tiµ1...µk ∈ R.
We define the set of total exterior covariant derivative operators
{d∇0 , d∇1 , . . . , d∇n−1}, d∇k : Γ(ΛkT ∗M ⊗ E)→ Γ(Λk+1T ∗M ⊗ E), k = 0, . . . , n− 1,
as the R-linear extension of
d∇k (α⊗ s) = (dkα) ⊗ s+ α ∧ ∇s
with
(dkα) ⊗ s+ α ∧ ∇s :M → Λk+1T ∗M ⊗ E, x 7→ (x, (dkα)x ⊗ sx + αx ∧ (∇s)x).
For k = 0, d∇0 = ∇ : Γ(E)→ Γ(T ∗M ⊗ E).
Let us study the composition d∇1 ◦ d∇0 . If s ∈ Γ(E), then
d∇1 ◦ d∇0 (s) = d∇1 ◦ ∇(s) ≡ R(s) ∈ Γ(Λ2T ∗M ⊗ E),
i.e.
R(s) : Γ(TM)×Γ(TM)→ Γ(E), (X,Y ) 7→ R(s)(X,Y ) :M → E, x 7→ R(s)(X,Y )(x) = (x,R(s)x(Xx, Yx)).
R(s), also denoted by ∇2(s), is called the second total covariant derivative of the section s. (In general,
d∇k+1 ◦ d∇k 6= 0; compare with dk+1 ◦ dk = 0 in De Rham theory.)
Locally,
R(s) = ∇2(s) = d∇1 (∇(s)) = d∇1 (dxµ ⊗∇∂µ(s)) = d∇1 (dxµ ⊗ ((∂µsj)σj + Γjµisiσj))
= d1(dx
µ)⊗ ((∂µsj)σj + Γjµisiσj) + dxµ ∧∇((∂µsj)σj + Γjµisiσj)
= dxµ ∧ (∇( ∂s
j
∂xµ
σj) +∇(Γjµisiσj)) = dxµ ∧ (d(
∂sj
∂xµ
)⊗ σj + Γji ⊗
∂si
∂xµ
σj + d(Γ
j
µis
i)⊗ σj + Γjk ⊗ Γkµisiσj)
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= dxµ ∧ (dxν ∂
∂xν
(
∂sj
∂xµ
)⊗ σj + dxν ∂
∂xν
(Γjµis
i)⊗ σj + dxνΓjνi ⊗
∂si
∂xµ
σj + dx
νΓjνk ⊗ Γkµisiσj)
= dsi ∧ Γji ⊗ σj + dxµ ∧ dxν
∂
∂xν
(Γjµis
i)⊗ σj + Γki ∧ Γjksi ⊗ σj
= dsi ∧ Γji ⊗ σj + dxµ ∧ dxν
∂
∂xν
(Γjµi)s
i ⊗ σj + dxµ ∧ dxνΓjµi
∂si
∂xν
⊗ σj + Γki ∧ Γjksi × σj
= (dxµ ∧ d(Γjµi)si + Γki ∧ γjksi)⊗ σj = (−d(Γjµi) ∧ dxµsi + siΓki ∧ Γjk)⊗ σj = −(dΓji + Γjk ∧ Γki )si ⊗ σj
i.e.
R(s) = ∇2(s) = −Rijsj ⊗ σi
where (Rij) is the m×m matrix with entries in the differential 2-forms on U ⊂M i.e. (Rij) ∈ Γ(Λ2T ∗U)(m)
(or Rij ∈ Ω2DR(U)) given by
Rij = dΓij + Γik ∧ Γkj .
(Symbolically, R = dΓ + Γ ∧ Γ = (d+ Γ∧)Γ.)
From the last expression for Rij it is clear that R(s) is closely related to the curvature tensor R. Let us
see this relation:
dΓij = d(Γ
i
νjdx
ν) = ∂µΓ
i
νjdx
µ ∧ dxν = 1
2
(∂µΓ
i
νj − ∂νΓiµj)dxµ ∧ dxν ,
Γik ∧ Γkj = Γiµkdxµ ∧ Γkνjdxν = ΓiµkΓkνjdxµ ∧ dxν =
1
2
(ΓiµkΓ
k
νj − ΓiνkΓkµj)dxµ ∧ dxν ,
then
Rij =
1
2
Riµνjdxµ ∧ dxν .
Also,
R(s)(X,Y ) = −Rijsjσi(X,Y ) = −
1
2
Riµνjdxµ∧dxν (X,Y )sjσi = −
1
2
Riµνj
1
2
(dxµ⊗dxν−dxν⊗dxµ)(X,Y )sjσi
= −1
2
Riµνj
1
2
(XµY ν −XνY µ)sjσi = −1
2
RiµνjXµY νsjσi
i.e.
R(X,Y, s) = −2R(s)(X,Y ).
The matrix (Rij) is called the curvature 2-form matrix.
12. Bianchi identities
For each pair i, j in {1, . . . ,m}, Rij is a local 2-form. Its exterior derivative is a local 3-form. Since
d2 = 0, we have dRij = d(Γik ∧ dΓkj ) = dΓik ∧ Γkj − Γik ∧ dΓkj , then dRij + Γik ∧ dΓkj − dΓik ∧ Γkj = 0 or
dRij + Γik ∧ (Rij − Γki ∧ Γij)− (Rik − Γil ∧ Γlk) ∧ Γkj = 0. I.e.
dRij + Γik ∧Rkj −Rik ∧ Γkj = 0.
These are the Bianchi equations. Simbolically, dR + Γ ∧R−R ∧ Γ = 0.
The l.h.s. is an m × m matrix of 3-forms. So, in terms of the curvature form and the connection
coefficients one has m2 equations. However, when the Rij ’s are written in terms of the Γij ’s one obtains m2
identities: d(dΓij +Γ
i
k ∧ Γkj ) + (Γik ∧ (dΓkj + Γkl ∧ Γlj)− (dΓik + Γil ∧ Γlk) ∧ Γkj = (dΓik) ∧ Γkj − Γik ∧ dΓkj + Γik ∧
dΓkj + Γ
i
k ∧ Γkl ∧ Γlj − (dΓik) ∧ Γkj − Γil ∧ Γlk ∧ Γkj = 0 identically.
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From the explicit expression of Rij and Γkl in terms of local coordinates, in the Bianchi equations
one has: dRij = 12d(Riνρjdxν ∧ dxρ) = 12Riνρj,µdxµ ∧ dxν ∧ dxρ, Γik ∧ Rkj = Γiµkdxµ ∧ 12Rkνρjdxν ∧ dxρ =
1
2Γ
i
µkRkνρjdxµ ∧ dxν ∧ dxρ, Rik ∧ Γkj = 12Riµνkdxµ ∧ dxν ∧ Γkρjdxρ = 12RiµνkΓkρjdxµ ∧ dxν ∧ dxρ; then
1
2
(Riνρj,µ + ΓiµkRkνρj −RiµνkΓkρj)dxµ ∧ dxν ∧ dxρ = 0
i.e.
Riνρj,µ + ΓiµkRkνρj −RiµνkΓkρj = 0.
For a linear connection in Mn, with i, j, k = σ, λ, α,
Rσνρλ,µ + ΓσµαRανρλ −RσµναΓαρλ = 0.
In GR, Rσνρλ = Rσλνρ, then the Bianchi equations are:
Rσλνρ,µ + Γ
σ
µαR
α
λνρ −RσαµνΓαρλ = 0.
Note 1. In section 22, we’ll see that in the case E = TM and the connection is that of Levi-Civita
(section 13), when the Bianchi equations are written in terms of the Ricci tensor (see section 16) and the
scalar curvature (section 18), we obtain the vanishing of the covariant divergence of the Einstein’s tensor
(see section 19): Gµν ;ν = 0.
Note 2. In electromagnetism, dF = 0 in terms of the curvature tensor F (field strength), amounts to
the homogeneous Maxwell equations. Instead, if F = dA is used, we obtain an identity.
Remark: Up to here, all the results have been independent of the existence of a metric gµν in the
manifold Mn i.e. of a non degenerate symmetric scalar product at each tangent space TxM
n. This metric
is introduced in the next section.
13. The Levi-Civita connection
In Appendix A we shall prove the Fundamental Theorem of Riemannian or Pseudo-Riemannian Ge-
ometry, which states that in a riemannian or pseudo-riemannian manifold (Mn, gµν) there exists a unique
symmetric and metric linear connection, the Levi-Civita connection, given by
Γµνρ =
1
2
gµσ(∂νgρσ + ∂ρgνσ − ∂σgνρ) = gµσΓσνρ
with
Γσνρ =
1
2
(∂νgρσ + ∂ρgνσ − ∂σgνρ).
Then gλµΓ
µ
νρ = gλµg
µσΓσνρ = δ
σ
λΓσνρ = Γλνρ.
It holds:
i) Dµgνρ = gνρ;µ = 0 (and also Dµg
νρ = gνρ;µ = 0). A consequence of this is that for any smooth path
c : (a, b)→Mn the metric tensor gµν is parallel transported along c:
(
Dg
dλ
)µν =
dxρ
dλ
Dρgµν = 0,
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where dx
µ
dλ = c˙
µ. Then it follows that the scalar product of two parallel transported vectors along c by the
Levi-Civita connection is also parallel transported i.e. covariantly constant:
D
dλ
(gµνV
µW ν) = (
Dg
dλ
)µνV
µW ν + gµν(
DV
dλ
)µW ν + gµνV
µ(
DW
dλ
)ν = 0.
In particular, if V = W = c˙, then gµν c˙
µc˙ν ≡ (c˙, c˙) ≡ ||c˙||2 remains constant by parallel transport; if
||c˙||2 > 0,=0,<0 the geodesic is respectively called timelike, null or lightlike, and spacelike. Since δµν = gµαgαν ,
then δµν;ρ = 0.
ii)
DµVρ = Dµ(gρνV
ν) = gρνDµV
ν
i.e. the covariant derivative commutes with the raising or lowering of the indices.
It can be shown that if c : (a, b) → Mn is a smooth path that extremizes the proper time (or path
length) τ =
∫
c dλf
1/2, with f = gµν
dxµ
dλ
dxν
dλ , then c is a geodesic of the Levi-Civita connection. Also, a
change of parameter τ → λ = λ(τ) preserves the form of the geodesic equation if and only if τ → λ is an
affine transformation, i.e.
λ = aτ + b,
where a, b ∈ R and a 6= 0. For an arbitrary transformation one obtains
d2xµ
dλ2
+ Γµνρ
dxν
dλ
dxρ
dλ
= −d
2λ
dτ2
(
dλ
dτ
)−2
dxµ
dλ
.
This means that the derivation of the geodesic equation in section 8, forces the parameter λ to be an affine
parameter i.e. a parameter linearly related, up to an additive constant, to the proper time τ .
It is important to mention that the fact that the connection coefficients Γµνρ depend on the metric
function gµν , is the usual argument in the literature for denying to G.R. the character of a gauge theory of
gravity. More on this below.
14. Physics 1: Equivalence principle in GR
Massive free point particles move along timelike geodesics. Massless free point particles move along
lightlike geodesics; in this case λ can not be the proper time since (dτ)2 = 0, (Dirac, 1975).
15. Covariant components of the curvature tensor
Starting from the expression (∗) in section 9, a long but straightforward calculation leads to the result,
for the Levi-Civita connection,
Rµνρσ = gµλR
λ
νρσ =
1
2
(∂µ∂σgνρ + ∂ν∂ρgµσ − ∂µ∂ρgνσ − ∂ν∂σgµρ) + gαβ(ΓαµσΓβνρ − ΓαµρΓβνσ).
Clearly, Rµνρσ is a covariant 4-rank tensor. It has n
4 components (e.g. if n = 4, 44 = 256).
Algebraic properties of Rµνρσ
i) Rρσµν =
1
2 (∂ρ∂νgσµ + ∂σ∂µgρν − ∂ρ∂µgσν − ∂σ∂νgρµ) + gαβ(ΓαρνΓβσµ − Γαρµγβσν) = Rµνρσ
(symmetry under the interchange between the first pair of indices with the second pair of indices i.e.
RAB = RBA with A = ρσ and B = µν).
19
ii) Rνµρσ = −Rµνρσ, Rµνσρ = −Rµνρσ, then Rνµσρ = Rµνρσ which can be summarized as
Rµνρσ = −Rνµρσ = −Rµνσρ.
iii) Rµνρσ +Rµρσν +Rµσνρ = 0 (cyclicity).
If one defines
Aµνρσ := Rµνρσ +Rµρσν +Rµσνρ,
it can be proved that it is totally antisymmetric in its four indices. Since Aµνρσ = 0, this imposes
(
m
4
)
=
m!
4!(m−4)! conditions on Rµνρσ . (Number of ways one can take four distinct elements among m; obviously it
must be m ≥ 4.)
Let us determine the number of algebraically independent components of Rµνρσ. Let Sab and Aab
be respectively a symmetric and antisymmetric tensor in m dimensions. The corresponding number of
independent components are N(Sab;m) =
m(m+1)
2 and N(Aab;m) =
m(m−1)
2 . So, we have
m 1 2 3 4 5 6 . . . 10 . . .
N(Sab;m) 1 3 6 10 15 21 . . . 55 . . .
N(Aab;m) 0 1 3 6 10 15 . . . 45 . . .
Notice that N(Aab;m)N(Sab;m) → 1− as m → ∞. If we write Rµνρσ ≡ RAB, since under µ ↔ ν or ρ ↔ σ Rµνρσ
is antisymmetric, each index A or B contributes with m(m−1)2 independent components; but now one has
a “two-index” symmetric matrix RAB with A,B ∈ {1, . . . , m(m−1)2 }, which gives 12 m(m−1)2 (m(m−1)2 + 1) =
1
8m(m− 1)(m(m− 1)+ 2) = 18m(m− 1)(m2−m+2) independent components for Rµνρσ . But iii) and then
the antisymmetry of Aµνρσ imposes
m!
4!(m−4)! =
m(m−1)(m−2)(m−3)
4! conditions. Then,
N(Rµνρσ ;m) =
1
8
m(m− 1)(m2 −m+ 2)− 1
4!
m(m− 1)(m− 2)(m− 3) = m
2(m2 − 1)
12
.
So, we have
m 1 2 3 4 5 6 . . . 10 11 . . . 26 . . .
N(Rµνρσ ;m) 0 1 6 20 50 105 . . . 825 1210 . . . 38025 . . .
16. Ricci tensor for the Levi-Civita connection
Define the covariant 2-tensor
Rνσ := g
µρRµνρσ ≡ Rρνρσ.
We contracted indices 1 and 3; contracting 1-2 and 3-4 gives zero; contracting 1-4, 2-3 and 2-4 gives ±Rνσ:
gµσRµνρσ = −gµσRµνσρ = −Rνρ, gνρRµνρσ = −gνρRνµρσ = −Rµσ, gνσRµνρσ = gνσRνµσρ = Rµρ. So, up to
a sign, the Ricci tensor is uniquely defined from Rµνρσ and g
µν .
Rνσ is symmetric: Rσν = g
µρRµσρν = g
µρRρνµσ = g
ρµRρνµσ = Rνσ. Then,
N(Rµν ;m) =
m(m+ 1)
2
.
We have
m 1 2 3 4 5 6 . . . 10 11 . . .
N(Rµν ;m) 1 3 6 10 15 21 . . . 55 66 . . .
We can write
Rνσ = g
µρgµλR
λ
νρσ = δ
ρ
λR
λ
νρσ = R
ρ
νρσ =< dx
ρ,R(∂ρ, ∂σ, ∂ν) >=< dxρ,R(∂ρ, ∂ν , ∂σ) > .
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17. Physics 2: Einstein’s hypotesis: (Local) equations for empty (“vacuum”, without
matter, vanishing cosmological constant Λ, only gµν) space-time
In all charts of the manifold i.e. in all reference frames:
Rµν = 0,
µ, ν = 1, . . . ,m or 0, . . . ,m − 1. Rµν ∈ C∞(Uα;R), (Dirac, 1975). These are equations at each chart or
reference system (Uα, x
µ
α) of M
m. The number of algebraically independent components of Rµν equals the
number of independent components of gµν . Rµν = 0 does not imply Rµνρσ = 0. In other words, in GR
empty space-time can be curved.
18. Ricci (or curvature) scalar (with Levi-Civita connection)
R := gµνRµν ≡ Rµµ.
R ∈ C∞(Uα;R).
Then, in empty space-time,
R = 0.
19. The Einstein tensor is defined by
Gµν := Rµν − 1
2
gµνR.
Gµν ∈ C∞(Uα;R). Also, it is symmetric (10 algebraically independent components in 4 dimensions).
Proposition (Mathematics)
Gµν = 0⇔ Rµν = 0
for m = D 6= 2, D = d+ 1 (space-time dimension).
Proof.
⇒) Gµν = 0 ⇒ Rµν = 12gµνR ⇒ Rµµ = R = 12gµµR = D2 R ⇒ (D2 − 1)R = 0. If D2 6= 1 i.e. D 6= 2, then
R = 0 and then Rµν = Gµν = 0. In particular this holds for D = 3 + 1 = 4.
⇐) Rµν = 0⇒ Rµµ = R = 0⇒ Gµν = 0. This holds for all D’s=m’s.
20. Physics 2’: (Local) Einstein equations in empty space-time
In all charts of the manifold i.e. in all reference frames:
Gµν = 0
for all space-time dimensions D = m = d+ 1. (For D = 4 these are ten equations.)
21. Examples in m = D = 1, 2, 3. Generalization to m ≥ 4 and Weyl tensor
D = 1. N(Rµνρσ ; 1) = 0; then R1111 (or R0000)=0. This reflects the fact that the curvature tensor
represents intrinsic properties of the space in question, and not how the space (in this case a line, straight
or curved) is embedded in a higher dimensional space. Let g11(x) ≡ g(x) be the metric tensor in D = 1.
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If x 7→ x′ = x′(x) then g′(x′) = ( dxdx′ )2g(x). Choose x′(x) =
∫ x
dy
√
|g(y)|; then ( dxdx′ )2 = 1|g(x)| and so
g′(x′) = g(x)|g(x)| which equals +1 (-1) if g(x) > 0 (< 0). From the constancy of g(x), Γ(x) =
1
2g(x)
d
dxg(x) = 0.
D = 2. N(Rµνρσ ; 2) = 1. By antisymmetry in µν and ρσ, the only possibilities for a non-vanishing
Rµνρσ are R1010, R1001, R0110 and R0101. We choose R0101 and it is easily verified that the unique Rµνρσ
which satisfies the algebraic properties of section 15 and gives R0110 = −R1010 = R1001 = −R0101 is
Rµνρσ = (gµρgνσ − gµσgνρ)R0101
g
,
with g = det
(
g00 g01
g10 g11
)
= g00g11 − g01g10 = g00g11 − g201. In the presence of matter, Einstein’s equations
are
Gµν = const.× Tµν
where Tµν is the energy-momentum tensor of matter. Then, for D = 2 = 1 + 1,
Tµν = 0.
This means that in D = 2, the unique solutions to Einstein’s equations are those corresponding to the
“vacua” i.e. Tµν = 0.
D = 3. Since N(Rµνρσ ; 3) = N(Rµν ; 3) = 3, the curvature tensor can be expressed in terms of gµν and
Rµν ; the most general form satisfying the symmetry properties of section 15 is
Rµνρσ = A(gµρgνσ − gνρgµσ) +B(gµρRνσ − gνρRµσ − gµσRνρ + gνσRµρ)
with A and B numerical constants. From the definition of the Ricci tensor, Rνσ = g
µρRµνρσ = (2A +
BR)gνσ +BRνσ, where R is the Ricci scalar; then B = 1 and A = − 12R. Therefore,
Rµνρσ = −R
2
(gµρgνσ − gνρgµσ) + gµρRνσ − gνρRµσ − gµσRνρ + gνσRµρ.
D = m ≥ 4. In all these cases
N(Rµνρσ ;m)−N(Rµν ;m) := N(Cµνρσ ;m) = m(m+ 1)(m+ 2)(m− 3)
12
> 0
where Cµνρσ , the Weyl tensor, has the same algebraic properties as Rµνρσ but can’t be obtained from gµν
and Rµν . One writes
Rµνρσ = C(gµρgνσ − gνρgµσ) +D(gµρRνσ − gνρRµσ − gµσRνρ + gνσRµρ) + Cµνρσ
with all traces of Cµνρσ vanishing i.e.
Cµνµσ = 0.
Then
Rνσ = g
µρRµνρσ = C(mgνσ − gνσ) +D(mRνσ − 2Rνσ + gνσR) = gνσ((m− 1)C +DR) + (m− 2)DRνσ.
Then D = 1m−2 and C = − R(m−1)(m−2) . Therefore,
Rµνρσ = − R
(m− 1)(m− 2)(gµρgνσ − gνρgµσ) +
1
m− 2(gµρRνσ − gνρRµσ − gµσRνρ + gνσRµρ) + Cµνρσ .
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The Weyl tensor in terms of curvature and metric is given by
Cµνρσ = Rµνρσ +
2R
(m− 1)(m− 2)gρ[µgν]σ −
2
m− 2(gρ[µRν]σ − gσ[νRµ]ρ).
One has the table
m 4 5 6 · · ·
N(Cµνρσ ;m) 10 35 84 · · ·
Clearly Cµνρσ = 0 for m = 2, 3.
22. For the Levi-Civita connection, Gµν ;ν = 0
From the general expression for the covariant derivative of a tensor T µ1...µrν1...νr in section 7, the relation
between the covariant and the ordinary derivatives of Rσλνρ is given by
Rσλνρ,µ = R
σ
λνρ;µ − ΓσµαRαλνρ + ΓβµλRσβνρ + ΓβµνRσλβρ + ΓβµρRσλνβ .
Then, the last form of the Bianchi equations in section 12 becomes
Rσλνρ;µ +R
σ
λρµ;ν + R
σ
λµν;ρ = 0.
Since the covariant derivative commutes with the lowering of indices, contracting with gασ we obtain
Rαλνρ;µ +Rαλρµ;ν +Rαλµν;ρ = 0.
Contracting α and ρ with gαρ,
Rαλνα;µ +R
α
λαµ;ν +R
α
λµν;α = 0,
and we obtain, in terms of the Ricci and curvature tensors,
−Rλν;µ +Rλµ;ν +Rαλµν;α = 0.
Finally, contracting λ and ν with gλν , we obtain, in terms of the Ricci tensor and the scalar curvature,
(Rνµ −
1
2
δνµR);ν = 0
i.e.
Gµν ;ν = 0.
So, the Einstein tensor, apparently arbitrarily defined in section 19, appears naturally when the Bianchi
equations for the Levi-Civita connection are expressed in terms of the Ricci tensor and the scalar curvature,
and some contractions are done. Gµν is, then, a purely geometrical object.
23. Physics 3: (Local) Einstein equations in the presence of matter
In all charts of the manifold i.e. in all reference frames:
Gµν =
8πG
c4
Tµν ,
(Einstein, 1956), where G is the Newton gravitational constant, c is the velocity of light in the vacuum,
and Tµν is the energy momentum tensor of matter: all other fields than gµν . Clearly, Tµν is symmetric
(Tµν = Tνµ) and covariantly conserved:
T µν ; ν = 0.
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Units: [Gµν ] = [Rµν ] = [Rµνρσ ] = [L]
−2, [G][c4] =
[t]2
[M ][L] =
1
[force] ; then [Tµν ] =
[M ]
[L][t] = [energy density],
where [L], [M ], and [t] denote the units of length, mass, and time, respectively.
24. Tensor bundles as associated bundles to the bundle of frames of Mn
T rsM
n is the total space of the (n + nr+s)-dimensional real vector bundle of r-contravariant and s-
covariant tensors on Mn, with fibre Rn
r+s ∼= {λi1...irj1...js ∈ R, ik, jl ∈ {1, . . . , n}, k = 1, . . . , r, l = 1, . . . , s} ≡
{~λ}. The bundle of frames of Mn, FMn , is the principal bundle with structure group GLn(R) (the fibre of
the bundle) on Mn (the base space), and with total space FMn consisting of the set of all ordered basis of
the tangent space at each point of Mn, namely
FMn =
∐
x∈Mn
{rx ≡ (v1x, . . . , vnx), {vkx}nk=1 : basis of TxMn} = ∪x∈Mn{x} × {(v1x, . . . , vnx)}
≡
∐
x∈Mn
(FMn)x,
where (FMn)x is the fibre over x, with dimR(FM
n)x = n
2. The bundles of orthogonal frames, Lorentz
frames, restricted Lorentz frames, etc. of Mn, are obtained by reducing the group GLn(R) respectively to
O(n), O(n−1, 1), SO0(n−1, 1), etc. If x ∈ Uα ≡ U , then vkx =
∑n
µ=1 v
µ
k (x)
∂
∂xµ |x; also, dimRFMn = n+n2.
The n + n2 local coordinates on FUα is the set (xρ, Xµν ) with xρ(x, rx) = xρ(x) and Xµν (x, rx) = vµνx,
ρ, µ, ν ∈ {1, . . . , n}.
One has:
n 1 2 3 4 5 . . . 10 . . .
dimRFM
n 2 6 12 20 30 . . . 110 . . .
The bundle structure of FMn is represented by
FMn : GLn(R)→ FMn piF−→Mn
where πF is the projection πF (x, (v1x, . . . , vnx)) = x and GLn(R) → FMn represents the right action of
GLn(R) on FM
n given by
FMn ×GLn(R) ψ−→ FMn, ((v1x, . . . , vnx), a) 7→ (v1xa11 + · · ·+ vnxan1, . . . , v1xa1n + · · ·+ vnxann)
≡ (v1x, . . . , vnx)a.
The left action of GLn(R) on R
nr+s , given by
GLn(R)×Rn
r+s µ−→ Rnr+s , (a,~λ) 7→ (a~λ)i1...irj1...js = ai1k1 . . . airkra−1
l1
j1 . . . a
−1ls
jsλ
k1...kr
l1...ls
,
induces the associated bundle FMn×GLn(R)Rn
r+s
which turns out to be isomorphic (through ϕ, see below)
to T rsM
n. One has the following commutative diagram:
FMn ×GLn(R) Rn
r+s ϕ−→ T rsMn
π′F ↓ ↓ πrs
Mn
IdMn−→ Mn
where:
ϕ([((v1x, . . . , vnx), ~λ)]) =
∑n
ik,jl=1
λi1...irj1...jsvi1x ⊗ . . . virx ⊗ wj1x ⊗ . . .⊗ wjsx ,
with [((v1x, . . . , vnx), ~λ)] = {((v1x, . . . , vnx)a, a−1~λ)}a∈GLn(R); {w1x, . . . , wnx} is the dual basis of
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{v1x, . . . , vnx} i.e. wix(vjx) = δij ; and π′F ([((v1x, . . . , vnx), ~λ)]) = πF (x, (v1x, . . . , vnx)) = x. Using the
fact that the dual basis vectors wjx transform with a
−1, it is easily verified that ϕ is well defined i.e. it is
independent of the representative element of the class [((v1x, . . . , vnx), ~λ)].
A section of the bundle of frames of Mn i.e. a smooth function s : Mn → FMn with πF ◦ s = IdMn ,
trivializes FMn and therefore all the tensor bundles associated with it (in particular the tangent bundle
of Mn). The same occurs for any of the reductions of FMn (bundle of Lorentz frames, restricted Lorentz
frames, etc.).
25. Vertical bundle of a principal fibre bundle
Let η be a principal fibre bundle (p.f.b.), η = (P r+s, Bs, π,Gr, ψ,U) : Gr → P r+s pi−→ Bs, where
Bs ≡ B (base space) and P r+s ≡ P (total space) are differentiable manifolds of dimensions s and r + s
respectively, Gr ≡ G is an r-dimensional Lie group with right action on P , P ×G→ P , (p, g) 7→ pg, and U
is a system of local trivializations π−1(Uα)
ϕα−→ Uα ×G with π1 ◦ ϕα = π.
For each p ∈ P there exists a canonical vector space isomorphism ϕp between G = Lie(G) : the Lie
algebra of G, and Vp = TpPpi(p): the tangent space to the fibre over π(p) at p, the vertical space at p:
ϕp : G → Vp, A 7→ ϕp(A) ≡ A∗p,
with
A∗p : C
∞(P,R)→ R, f 7→ d
dt
f(petA)|t=0.
We used the fact that TpPpi(p) ⊂ TpP ; if Ai, i = 1, . . . , r is a basis of G, then ϕp(Ai) is a basis of Vp; in
general, neither Ai nor ϕp(Ai) are canonical basis.
Given p, p′ ∈ P , since ϕp : G → Vp and ϕp′ : G → Vp′ are isomorphisms, there is a canonical vector space
isomorphism (absolute teleparallelism) between Vp and Vp′ , for all p, p
′ ∈ P :
Vp
ϕp′◦ϕ−1p−→ Vp′ .
Remark: This result, namely, the existence of ϕp at each p ∈ P , is independent of any connection.
This implies the triviality of the vertical bundle Vη of the p.f.b. η:
Vη : R
r − V 2r+s piVη−→ P,
with V 2r+s =
∐
p∈P Vp = ∪p∈P {p} × Vp and πVη (p, vp) = p.
In fact, Vη admits r independent global sections σi : P → V 2r+s, σi(p) = (p, ϕp(Ai)); then there is the
following vector bundle isomorphism:
Rr Rr
| |
V 2r+s
φ−→ P ×Rr
πVη ↓ ↓ π1
P
Id−→ P
with φ(p, vp) = φ(p,
∑r
i=1 λ
iϕp(Ai)) = (p, (λ
1, . . . , λr)). φ is not canonical since it depends on the basis Ai
of G.
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Let ω be a connection on η, i.e. ω ∈ Γ(T ∗P ⊗ G) with ω : P → T ∗P ⊗ G, p 7→ ω(p) = (p, ωp),
ωp : TpP → G, vp 7→ ωp(vp) = ϕ−1p (ver(vp)). Since ker(ωp) = Hsp ≡ Hp: the horizontal vector space at p,
then ωp is |Hp| =∞→ 1. However, ωp|Vp : Vp → G, ωp|Vp(vp) = ϕ−1p (vp) is a vector space isomorphism i.e.
ωp|Vp = ϕ−1p .
In other words, if ω is a connection on η, then at each p ∈ P , ω gives an inverse of ϕp. Therefore, for the
isomorphism between Vp and Vp′ , one has
Vp
ωp′ |Vp′
−1◦ωp|Vp−→ Vp′ .
In particular, we are interested in the case P = FMn , the frame bundle of a differentiable manifold Mn,
where (P,B, π,G, ψ,U) = (FMn,Mn, πF , GLn(R), ψ,U); p = (x, rx) ∈ FMn, and rx = (v1x, . . . , vnx). Its
vertical bundle is isomorphic to the product bundle FMn ×Rn2 :
Rn
2
Rn
2
| |
VFMn
φc−→ FMn ×Rn2
πV ↓ ↓ π1
FMn
Id−→ FMn
where φc is the canonical isomorphism determined by the canonical basis of gln(R) = R(n) given by the n
2
matrices (Aij)kl = δikδjl. The similar result holds for the reductions of GLn(R) to O(n), SO
0(n− 1, 1), etc.
mentioned in section 24.
In particular, for the case n = 4 and G = SO0(3, 1), with dimR(SO
0(3, 1)) = dimR(so(3, 1)) =
dimR(o(3, 1)) = 6, case relevant in GR, FM
4 is the bundle of Lorentz frames FLM4 , and we have the
vector bundle isomorphism
R6 R6
| |
VFL
M4
φLc−→ FLM4 ×R6
πV | |π1
FLM
4 Id−→ FLM4
with dimR(FLM
4) = 4 + 6 = 10 and dimR(VFL
M4
) = 16. In this case, the canonical basis of so(3, 1) (or of
o(3, 1)) is the set of matrices
{


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

 ,


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 ,


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 ,


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 ,


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 ,


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

}, respectively {l23 ≡ a1, l31 ≡ a2, l12 ≡ a3, l01 ≡ b1, l02 ≡ b2, l03 ≡ b3}, where the first three
matrices generate rotations around the axis x, y, and z, and the second three matrices generate boosts along
the same axis, respectively. The derivation of the canonical basis is as follows: one starts from the definition
of the Lorentz transformations Λ: ηL := Λ
T ηLΛ, with ηL ≡ η = (η00, η11, η22, η33) = (+1,−1,−1,−1)
(or (−1,+1,+1,+1)) and ηab = 0 if a 6= b; if Λ(λ) is a smooth path through the identity Λ(0) = I,
the corresponding tangent vector at I, Λ˙(0) = L, obeys the equation LT η = −ηL. The generators ai
and bi obey [ai, aj ] = ǫijkak, [bi, bj ] = −ǫijkak, [ai, bj] = ǫijkbk. If l =
∑3
i=1(βibi + αiai) and l
′ =
26
∑3
i=1(β
′
ibi + α
′
iai) are in o(3, 1) (α
′s, β′s ∈ R), then is Lie bracket [l, l′] = l′′ =∑3i=1(β′′i bi + α′′i ai) ∈ o(3, 1)
with β′′1 = β2α
′
3 + α2β
′
3 − β3α′2 − α3β′2, β′′2 = β3α′1 + α3β′1 − β1α′3 − α1β′3, β′′3 = β1α′2 + α1β′2 − β2α′1 − α2β′1,
α′′1 = −β2β′3 +α2α′3 + β3β′2 −α3α′2, α′′2 = −β3β′1 + α3α′1 + β1β′3 −α1α′3, α′′3 = −β1β′2 + α1α′2 + β2β′1 −α2α′1.
26. Soldering form on FMn
Given the differentiable manifold Mn, the soldering or canonical form θ on FMn is the Rn-valued
differential 1-form on FMn i.e. θ ∈ Γ(T ∗FMn ⊗Rn) defined as follows:
θ : FMn → T ∗FMn ⊗Rn, (x, rx) 7→ θ((x, rx)) = ((x, rx), θ(x,rx)),
θ(x,rx) : T(x,rx)FM
n → Rn, v(x,rx) 7→ θ(x,rx)(v(x,rx)) = r˜−1x ◦ πF∗(x,rx)(v(x,rx))
i.e.
θ(x,rx) = r˜
−1
x ◦ dπF |(x,rx),
where πF is the projection in the bundle FMn (section 24) and r˜x is the vector space isomorphism
r˜x : R
n → TxM , (λ1, . . . , λn) 7→ r˜x(λ1, . . . , λn) =
∑n
i=1 λ
ivix
with inverse
r˜−1x (
∑n
i=1 λ
ivix) = (λ
1, . . . , λn). We have the commutative diagram
Rn
Id−→ Rn
θ(x,rx) ↑ ↑ r˜−1x
T(x,rx)FM
n
dpiF |(x,rx)−→ TxMn
Notice that dimR(T(x,rx)FM
n) = n+n2. Since dπF |(x,rx) is onto, θ(x,rx) is a vector space epimorphism, with
ker(θ(x,rx)) = V(x,rx), the vertical space of the bundle FM
n at (x, rx), with dimRker(θ(x,rx)) = n
2. The
existence of θ is independent of any connection. Also, it is clearly a global section of the bundle T ∗FMn⊗Rn.
(~eµ)j = δµj , µ, j = 1, . . . , n is the canonical basis of R
n, then
θ(x,rx) =
n∑
µ=1
θµ(x,rx) ⊗ ~eµ
where θµ(x,rx) ∈ T ∗(x,rx)FMn.
In local coordinates on FUα ,
θµ =
n∑
ν=1
(X−1)µνdx
ν
where (X−1)µν (x, rx) = (X
µ
ν (x, rx))
−1. [In fact, if v(x,rx) ∈ T(x,rx)FUα, then v(x,rx) =
∑n
µ=1 λ
µ ∂
∂xµ |(x,rx) +∑n
µ,ν=1 λ
µ
ν
∂
∂Xµν
|(x,rx) with dπF |(x,rx)(v(x,rx)) =
∑n
µ=1 λ
µ ∂
∂xµ |x ∈ TxUα; then θ(x,rx)(v(x,rx))
= r˜−1x ◦ dπF |(x,rx)(v(x,rx)) = r˜−1x (
∑n
µ=1 λ
µ ∂
∂xµ |x) =
∑n
µ=1 λ
µr˜−1x (
∂
∂xµ |x) =
∑n
µ,ν=1 λ
µ(Xνµ(x, rx))
−1~eν ;
on the other hand, θ(x,rx)(v(x,rx)) = (
∑n
µ=1 θ
µ
(x,rx)
⊗ ~eµ)(
∑n
ν=1 λ
µ ∂
∂xν |(x,rx) +
∑n
ν,ρ=1 λ
ν
ρ
∂
∂Xνρ
|(x,rx))
= (
∑n
µ,α=1(X
−1)µα(x, rx)dx
α|(x,rx) ⊗ ~eµ)(
∑n
ν λ
ν ∂
∂xν |(x,rx) +
∑n
ν,ρ=1 λ
ν
ρ
∂
∂Xνρ
|(x,rx))
=
∑n
µ,ν,α=1(X
µ
α(x, rx))
−1δαν λ
ν~eµ =
∑n
µ,ν=1(X
µ
ν (x, rx))
−1λν~eµ.]
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Thus, a local section on FMn , sα : Uα → FUα, x → sα(x) = (x, rx), gives rise to a set of n local
differential 1-forms θµα ≡ θµ on FUα.
If ω is a connection on FMn , and H(x,rx) is the horizontal space at (x, rx), then
θ(x,rx)|H(x,rx) = r˜−1x ◦ dπF |(x,rx)|H(x,rx)
is a vector space isomorphism, since dπF |(x,rx) is a canonical isomorphism between H(x,rx) and TxMn:
Rn
Id−→ Rn
θ(x,rx)|H(x,rx) ↑ ↑ r˜−1x
H(x,rx)
dpiF |(x,rx)−→ TxMn
We emphasize that θ(x,rx)|H(x,rx) depends on both the frame at x (rx) and the connection ω.
Any connection ω on the frame bundle FMn , together with the canonical soldering form θ, trivializes
the tangent bundle of FMn . This fact is known as absolute parallelism. The canonical bundle isomorphism
(only depending on ω) is given through the following diagram:
Rn+n
2
Rn+n
2
| |
(TFMn)2(n+n
2) φc−→ (FMn)n+n2 ×Rn+n2
πF∗ ↓ ↓ π1
(FMn)n+n
2 Id−→ (FMn)n+n2
with
φc(((x, rx), v(x,rx))) = ((x, rx), (θ(x,rx)|H(x,rx) × ω(x,rx)|V(x,rx))(hor(v(x,rx)), ver(v(x,rx)))),
where v(x,rx) ∈ T(x,rx)FMn and gln(R) = R(n) ∼= Rn
2
.
Absolute parallelism in the bundle of Lorentz frames FLMn is given by the diagram
R
n(n+1)
2 R
n(n+1)
2
| |
(TFLMn)n(n+1)
φLc−→ (FLMn)n(n+1)2 ×Rn(n+1)2
πL∗ ↓ ↓ π1
(FLMn)
n(n+1)
2
Id−→ (FLMn)n(n+1)2
with
φLc (((x, ex), v(x,ex))) = ((x, ex), (θ(x,ex)|H(x,ex) × ωL(x,ex)|V(x,ex))(hor(v(x,ex)), ver(v(x,ex)))),
ex = (e1x, . . . , enx), and H(x,ex) = ker(ω
L
(x,ex)
).
In particular, for the n = 4 case:
R10 R10
| |
(TFLM4)20
φLc−→ (FLM4)10 ×R10
πL∗ ↓ ↓ π1
(FLM4)10
Id−→ (FLM4)10
.
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27. Linear connection in a manifold Mn on FMn
A gln(R)-valued linear connection ∇ on Mn is locally given by
ωU = Γ
µ
νρdx
ν ⊗ Eρµ
where (Eρµ)αβ = δ
ρ
αδµβ with ρ, µ, α, β = 1, . . . , n is the canonical basis of R(n) = gln(R) = Lie(GLn(R)),
and Γµνρ are the Christoffel symbols (section 4).
On FU , the connection ωFU such that ωU = σ
∗(ωFU ) with σ : U → FU the local section given by
xµ 7→ σ(xµ) = (xµ, δνρ)) is given by
ωFU = (X
−1)µσ(dX
σ
ρ + Γ
σ
νλX
λ
ρ dx
ν)⊗ Eρµ.
(Kobayashi and Nomizu, 1963; pp 140-143)) Clearly, ωU ∈ Γ(T ∗U ⊗ gln(R)) and ωFU ∈ Γ(T ∗FU ⊗ gln(R)).
Real-valued connection 1-forms ωU
µ
ρ and ωFU
µ
ρ are defined by
ωU = ωU
µ
ρ ⊗ Eρµ and ωFU = ωFUµρ ⊗ Eρµ.
The horizontal lift of a local vector field ∂∂xµ by the connection ω in FMn is then given by
(
∂
∂xµ
)↑ =
∂
∂xµ
− ΓρµνXνσ
∂
∂Xρσ
.
In fact, ωFU
α
β((
∂
∂xµ )
↑) = (X−1)αλ(dX
λ
β + Γ
λ
γξX
ξ
βdx
γ)( ∂∂xµ − ΓρµνXνσ ∂∂Xρσ )
= (X−1)αλ(−ΓρµνXνσdXλβ ( ∂∂Xρσ ) + Γ
λ
γξX
ξ
βdx
γ( ∂∂xµ ))
= (X−1)αλ(−ΓρµνXνσδλρ δσβ + ΓλγξXξβδγµ) = (X−1)αλ(−ΓλµνXνβ + ΓλµνXνβ ) = 0.
28. Tetrads and spin connection
1. At each chart U ⊂Mn we can take as a basis of Γ(TU) the local vector fields (Vielbeine)
ea = ea
µ∂µ, a = 1, . . . , n
with rx = (e1x, . . . , enx) ∈ (FU)x. Since the n × n matrices (eaµ(x)) ∈ GLn(R), there exist the inverse
vector fields e−1a ≡ ea = eaµdxµ: 1-forms with eaµ = (eµa)−1 ∈ GLn(R) and
ea
µeµ
b = δba and ea
µeν
a = δµν .
Then eν
aea = eν
aea
µ∂µ = δ
µ
ν ∂µ i.e.
∂ν = eν
aea.
In general, the ea
′s are called non-coordinate basis and the ea′s anholonomic coordinates. For n = 4, the
Vierbeine ea are called tetrads.
2. While [∂µ, ∂ν ] = 0, the Vielbeine have non-vanishing Lie brackets. In fact, applying the commutator
[ea, eb] to a function f ∈ C∞(U,R), one easily obtains
[ea, eb] = λ
c
abec
with λcab = eµ
c(ea
ν(∂νeb
µ)− ebν(∂νeaµ)) = −λcba.
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3. For a local vector field, V = V µ∂µ = V
µeµ
aea = V
aea, with
V a = eµ
aV µ, V µ = ea
µV a.
4. At each x ∈Mn, the fibre of the co-frame bundle of Mn,
F∗Mn : GLn(R)→ (FMn)∗ pi∗−→Mn,
is the set
(FMn)∗x = {ordered basis of T ∗xM} = {(f1x , . . . , fnx ), fax = fνa(x)dxν |x}.
Again, (fν
a(x)) ∈ GLn(R) and, locally, (fνa)−1 = faν with
fa
νfν
b = δba and fa
νfµ
a = δνµ.
Also,
fa = fν
adxν and dxν = fa
νfa.
From the duality relation dxµ(∂ν) = δ
µ
ν we obtain δ
µ
ν = fa
µfa(eν
beb) = fa
µeν
bfa(eb); imposing the duality
relation between f ′s and e′s,
fa(eb) = δ
a
b
one obtains
fµ
d = eµ
d and fa
ν = ea
ν .
Then,
fa = eν
adxν and dxν = ea
νfa.
(Another usual notation for fa is θa.)
5. Given an (r, s)-tensor in Mn,
T = T µ1...µrν1...νs ∂µ1 ⊗ . . .⊗ ∂µr ⊗ dxν1 ⊗ . . .⊗ dxνs ,
we obtain
T = T µ1...µrν1...νs eµ1
a1ea1 ⊗ . . .⊗ eµrarear ⊗ fb1ν1f b1 ⊗ . . .⊗ fbsνsf bs = T a1...arb1...bs ea1 ⊗ . . .⊗ ear ⊗ f b1 ⊗ . . .⊗ f bs
with
T a1...arb1...bs = eµ1
a1 . . . eµr
arfb1
ν1 . . . fbs
asT µ1...µrν1...νs .
For example,
T = T µν∂µ ⊗ dxν = T µνeµaea ⊗ dxν = T aνea ⊗ dxν = T µν∂µ ⊗ fbνf b = T µb∂µ ⊗ f b = T µνeµaea ⊗ fbνf b
= T abea ⊗ f b.
6. Let g = gµνdx
µ ⊗ dxν be a metric in Mn. g has a signature, given by the diagonal metric ηab, equal
to δab in the euclidean case (η = ηE), or with -1’s and +1’s in the general riemannian case; the lorentzian
case, relevant for GR, has η = ηL (section 25.). gµν being a symmetric matrix, at any point x ∈ Mn it
can be diagonalized to ηab. The metric and its signature distinguish the subset of Vielbeine which obey the
following orthonormality condition:
g(ea, eb) = ηab.
In detail,
gµνdx
µ ⊗ dxν(eaρ∂ρ, ebσ∂σ) = gµνeaρebσdxµ(∂ρ)dxν (∂σ) = gµνeaρebσδµρ δνσ = gµνeaµebν
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i.e.
gµνea
µeb
ν = ηab (a).
This relation can be easily inverted, namely, gµνea
µeb
νeρ
aeσ
b = gµνδ
µ
ρ δ
ν
σ = gρσ i.e.
ηabeµ
aeν
b = gµν or g = ηabe
a ⊗ eb. (b)
The unique solution of gµν(x¯) = ηabeµ
a(x¯)eν
b(x¯) = ηµν is eµ
a(x¯) = δaµ. Such a frame is called inertial at x.
Notice that formula (b) is fundamental: since it holds in all charts in Mn, we have, up to topological
obstructions, “trivialized” the metric everywhere i.e. globally, at the expense of the x-dependence of the
coframes ea.
It is usual the rough statement that the duals of the Vielbeine are the “square roots” of the metric. In
particular, for the lorentzian n = 4 case, det(gµν) = −(det(eνa))2. Also, equation (a) allows to interprete
the n× n matrices ecρ as the matrices which diagonalize the metric gµν to the Lorentz metric ηab. (b) says
that the ea′s are more fundamental than the metric.
7. Equation (b) in the last subsection appears naturally when describing spinor fields in curved space-
times. If γµ(x) are the Dirac matrices in M
n, then
{γµ(x), γν (x)} = 2gµν(x)I.
The solution
γµ(x) = Eµ
a(x)γa (∗)
with γa the “flat” Dirac matrices obeying {γa, γb} = 2ηabI, leads to
ηabEµ
a(x)Eν
b(x) = gµν
which says that the Eµ
a ′s are the duals of the Vielbeine eaµ. It can be proved that the solution (∗) is
unique (O’Raifeartaigh, 1997).
8. It is clear that through (b) in subsection 6., the n2 quantities involved by a Vielbein determine
uniquely a metric gµν ; however, the set of
n(n+1)
2 components of a metric determines a Vielbein only up to
an equivalence relation i.e. it determines a class of Vielbeine, whose elements are related by a group G of
n(n−1)
2 elements.
Let ea
µ = ha
ce′c
µ
; then
ηab = gµνha
ce′c
µhb
de′d
ν = gµνe
′
c
µe′d
νha
chb
d = ηcdha
chb
d = ha
cηcdhb
d i.e.
η = hηhT .
So, if η = ηL then h ∈ Ln = O(1, n− 1); if η = ηE then h ∈ On = O(n); etc.
In the following we shall restrict to the case of orthonormal frames in the sense defined in 6., so one has
a principal G-bundle over Mn:
G
n(n−1)
2 → FG →Mn,
with G = Ln or On, and FG ⊂ FMn. The interest in GR is for G = L4 and one has the lorentzian bundle
L4 → FL4 →M4
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and the bundle reduction
L4 ι−→ GL4(R)
↓ ↓
FL4
ι−→ FM4
πL4 ↓ ↓ πF
M4
Id−→ M4
where ι is the inclusion.
We want to emphasize that the bundle is trivial, that is, FL4 ∼=M4 ×L4, if M4 is contractible i.e. if it
is of the same homotopy type as a point.
At each U ⊂ M one has a local Lorentz group LU which, at x ∈ U , “takes the value” L(x). Since the
Vielbeine are natural basis of Γ(TU), and the metric necessarily has a signature ηab, the principal Ln-bundles
overMn are also natural. (We emphasize that here, we do not use the word “ natural” in its technical sense,
but in a coloquial sense.) We also notice the natural appearance of a new group at each x ∈ Mn, besides
the group of general coordinate transformations in the intersections of open sets: the Lorentz group.
9. In section 4., the covariant derivative of a local section σi of an arbitrary vector bundle E was defined
by ∇µσi = Γjµiσj . Let σi = ea; then
∇µea = ∇µ(eaν∂ν) = (∂µeaν)∂ν + eaν∇µ∂ν = (∂µeaρ + eaνΓρµν)∂ρ.
We now define the spin connection coefficients ωbµa through
∇µea := ωbµaeb and ∇µea := ωaµbeb.
(The ωbµa’s are, in the present case, nothing but the Γ
j
µi’s.) Then, ω
b
µaeb
ρ∂ρ = (∂µea
ρ + ea
νΓρµν)∂ρ; from the
linear independence of the coordinate basis, and multiplying by eρ
c we obtain
ωcµa = eρ
c∂µea
ρ + eρ
cea
νΓρµν (c)
or
ωcab = −ebρeρ,ac + eaµebνeρcΓρµν (c′)
with
ωcab = eµ
cωµab, ω
µ
ab = g
µνωνab, eρ,a
c = ∂aeρ
c, ∂a = ea
ν∂ν = ea.
Multiplying by ec
σeλ
a we obtain the inverse relation:
Γσµλ = ea
σ∂µeλ
a + ec
σeλ
aωcµa (d)
or
Γσµλ = ω
c
daec
σeλ
aeµ
d − ea,dσeaλeµd (d′)
with ea,d
σ = ∂dea
σ.
Multiplying (c) by ec
σ and (d) by eσ
b we obtain, respectively,
∂µea
σ + Γσµνea
ν − ωcµaecσ = 0 (e)
and
∂µeλ
b − Γσµλeσb + ωbµaeλa = 0. (f)
The covariant derivative of tensors with upper and lower “internal” (Lorentz) and “external” (space-time)
indices is defined by:
DµT µ1...µra1...atν1...νsb1...bu = ∂µT
µ1...at
ν1...bu
+Γµ1µλ1T
λ1µ2...at
ν1...bu
+ . . .+ ωatµctT
µ1...at−1ct
ν1...bu
− Γλ1µν1T µ1...atλ1ν2...bu − . . .−ωcuµbuT
µ1...at
ν1...bu−1cu
.
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With this definition, the equations (e) and (f) read
Dµeaσ = 0 and Dµeλb = 0
respectively. (We also denote DµT µ1...µra1...atν1...νsb1...bu = T
µ1...µra1...at
ν1...νsb1...bu ;µ
.)
From the Lorentz transformations of the tetrads ea
µ and their inverses, eµ
a = e′µ
c
h−1c
a
we obtain:
eσ
c∂µea
σ = e′σ
r
h−1r
c
∂µ(ha
de′d
σ
) = e′σ
r
h−1r
c
∂µ(ha
d)e′d
σ
+ e′σ
r
h−1r
c
ha
d∂µe
′
d
σ
= ∂µ(ha
d)h−1d
c
+ ha
d(e′σ
r
∂µe
′
d
σ
)h−1r
c
,
and
eσ
cea
νΓσµν = e
′
σ
r
h−1r
c
ha
de′d
ν
Γσµν = ha
d(e′σ
r
e′d
ν
Γσµν)h
−1
r
c
.
Then
ωcµa = ha
d(e′σ
r
∂µe
′
d
σ
+ e′σ
r
e′d
ν
Γσµν)h
−1
r
c
+ ∂µ(ha
d)h−1d
c
= ha
dω′rµdh
−1
r
c
+ ∂µ(ha
d)h−1d
c
.
I.e.
ω = hω′h−1 + (dh)h−1
or, equivalently,
ω′ = h−1ωh− h−1dh.
So, the 1-form ωab := ω
a
µbdx
µ is not a 1-1 L-tensor, since its transformation has an inhomogeneous term.
Notice that from (c), ω has the structure
ω = e−1(∂ + Γ)e,
and from (d), the structure of Γ is
Γ = e(∂ + ω)e−1.
It can be easily shown that for a metric connection ∇, for which
Dρgµν = 0,
the spin connection with lower Lorentz indices
ωµbc = ω
a
µcηab
is antisymmetric in these indices. In fact, using (e) and (f),
0 = gµν;ρ = (ηabeµ
aeν
b);ρ = ηab;ρeµ
aeν
b + ηabeµ
a
;ρeν
b + ηabeµ
aeν
b
;ρ
= ηab;ρeµ
aeν
b = (−ωcρaηcb − ωcρbηac)eµaeνb = −(ωρba + ωρab)eµaeνb,
then
0 = −(ωρba + ωρab)eµaeνbecµedν = −(ωρba + ωρab)δac δbd = −(ωρdc + ωρcd)
i.e.
ωρdc = −ωρcd.
Thus, we see that it is the condition of metric compatibility which reduces the Lie algebra of the gauge group
from gln(R) to o(1, n− 1) (or o(n)), where the 1-form ωbc = ωµbcdxµ takes values. The reduced gauge group
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can be O(1, n − 1) (or O(n)) or, for the case n = 4, SL(2,C) if hac ∈ L↑+ = SO0(1, 3) at each x ∈ M4
(Randono, 2010).
Up to here the content of this section does not depend on the symmetry properties of Γµνρ in its lower
indices. If in particular the Levi-Civita connection of section 13. is inserted in (b), using (c) (valid for any
connection ∇ with local coefficients Γρµν), we obtain the spin connection coefficients ωcµa in terms of the
Vielbeine, their derivatives, and the Lorentz metric ηab:
ωcµa = eρ
c∂µea
ρ +
1
2
eρ
cea
νηfdef
ρed
σηhk(∂µ(eσ
heν
k) + ∂ν(eσ
heµ
k)− ∂σ(eµheνk)).
So, we have the result analogous to the dependence of the Levi-Civita connection on the metric: the depen-
dence of the spin connection on the tetrads.
10. Explicitly, on each chart (U, xµ) in M , the (metric) spin connection with values in so(3, 1), is
constructed as follows:
ω = 12ωµabdx
µ ⊗ lab ∈ Γ(T ∗U ⊗ so(3, 1)), x 7→ ω(x) = (x, ωx) with ωx = 12ωµab(x)dxµ|x ⊗ lab ∈
T ∗xU ⊗ so(3, 1)
i.e.
ωx : TxU → so(3, 1), vx 7→ ωx(vx) = 1
2
ωµab(x)dx
µ|x(vx)lab = 1
2
ωµab(x)v
µ
x lab =
1
2
ω′ab(x)lab
with ω′ab(x) = −ω′ba(x) := ωµab(x)vµx and ωx(vx) = ω′01l01 + . . . ω′31l31.
For later use, consider the connected component of the Poincare´ group P4, the semidirect sum of the of
the translation group T4 and the connected component of the Lorentz group L4:
P4 = T4 ⊙ SO0(3, 1), (a′,Λ′)(a,Λ) = (a′ + Λ′a,Λ′Λ)
with Lie algebra
p4 = R
4 ⊙ so(3, 1), (~λ′, l′)(~λ, l) = (l′~λ− l~λ′, [l′, l]) = −(~λ, l)(~λ′, l′).
(P4 is a subgroup of the affine group A4; for arbitrary n, An = Rn ⊙ GLn(R) with Lie algebra an =
Rn ⊙R(n).)
Also, on each chart (U, xn) in M , the tetrad (1-form) e˜a with values in Lie(T4) = R4 i.e. e˜a ∈
Γ(T ∗U ⊗R4) is constructed as follows:
e˜a = eaµdx
µ ⊗ ~λ : U → T ∗U ⊗R4, e˜a(x) = (x, e˜ax), e˜ax = eaµ(x)dxµ|x ⊗ ~λ ∈ T ∗xU ⊗R4,
e˜ax : TxU → R4, eaµ(x)dxµ|x(vx)~λ = ǫx~λ with ǫx = eaµ(x)vµx ∈ R.
11. The Lorentz bundle L4 → FL4 → M4 in subsection 8. extends the symmetry group of GR, the
group of general coordinate transformations of M4, D, to the semidirect sum
GGR = L4 ⊙D,
with composition law given by
(h′, g′)(h, g) = (h′(g′hg′−1), g′g).
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In fact, it is easy to verify that D has a left action on L4 at each fibre FL4x of the bundle, given by the
commutative diagram
FL4x
h−→ FL4x
g ↓ ↓ g
FL4x
h′−→ FL4x
which defines
h′ = ghg−1 ≡ Lg(h)
(conjugation action), with g(x, (e1(x), . . . , e4(x))) = g(ea(x)) = g(ea
µ(x) ∂∂xµ |x) = e′aµ(x) ∂∂x′µ |x, e′aµ(x) =
∂x′µ
∂xν ea
ν(x). The action is left since h′ 7→ h′′ = g′h′g′−1 = g′(ghg−1)g′−1 = (g′g)h(g′g)−1 i.e. Lg′g(h) =
Lg′Lg(h). (See the extension to GGR = P4 ⊙D in section 34.)
29. Curvature and torsion in terms of spin connection and tetrads. Cartan structure
equations; Bianchi identities
In what follows we shall designate by Ωk(Lrs) the real vector space of k differential forms on M with
values in the (r, s)-Lorentz tensors.
Given the Vielbeine eµ
a and the spin connection ωaµb on the chart (U, x
µ) on M , we have the differential
forms
ea = eµ
adxµ ∈ Ω1(L1) and ωab = ωaµbdxµ.
(ωab /∈ Ω1(L11) since ωab is not an L11-tensor, but a connection on the Lorentz bundle L4 → FL4 → M4.)
Then we have the 2-forms
T a = dea + ωab ∧ eb = 1
2
T aµνdx
µ ∧ dxν ∈ Ω2(L1), (∗)
with
T aµν = ∂µeν
a − ∂νeµa + ωaµbeνb − ωaνbeµb = −T aνµ,
and
Rab = dω
a
b + ω
a
c ∧ ωcb = 1
2
Rabµνdx
µ ∧ dxν ∈ Ω2(L11), (∗∗)
with
Rabµν = ∂µω
a
νb − ∂νωaµb + ωaµcωcνb − ωaνcωcµb.
(∗) and (∗∗) are known as the Cartan structure equations. As we shall show below, T a and Rab are,
respectively, the torsion and curvature 2-forms of section 9.
For dea one has
dea = d(eν
adxν) = ∂µeν
adxµ ∧ dxν = Ωaµνdxµ ∧ dxν ≡ Ωa
with
Ωaµν = (de
a)µν =
1
2
(eν,µ
a − eµ,νa) = −Ωaνµ.
Also,
Ωabc = (de
a)bc = eb
µec
νΩaµν =
1
2
eν
a(ec
µ∂µeb
ν − ebµ∂µecν) = 1
2
eµ
a(eb,c
µ − ec,bµ) = −Ωacb.
Comparing with λabc of 28.2, we have
Ωabc = −
1
2
λabc
and therefore
[eb, ec] = −2Ωabcea = −2(dea)bcea.
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So Ωabc also measures the non-commutativity of the Vielbeine. By the Jacobi identity,
ΩfadΩ
d
bc +Ω
f
bdΩ
d
ca +Ω
f
cdΩ
d
ab = 0.
It is easy to show that for a metric connection, the curvature tensor with lower Lorentz indices
Rab = ηadR
d
b
is antisymmetric i.e.
Rab = −Rba.
In fact, Rab = ηad(dω
d
b + ω
d
c ∧ ωcb) = ηaddωdb + ηadωdc ∧ ωcb = dωab + ωac ∧ ωcb = −(dωba + ωca ∧ ωcb) =
−(dωba−ωcb∧ωca) = −(dωba−ωcb∧ωca), while Rba = ηbcRca = ηbc(dωca+ωcd∧ωda) = dωba+ωbd∧ωda =
dωba − ωdb ∧ ωda.
Symbolically we write
T = de+ ω ∧ e, R = dω + ω ∧ ω.
We notice that torsion is related to the tetrads as curvature is related to the spin connection.
On the other hand, while curvature involves only ω, torsion involves both e and ω (not only e). This
is related to the fact that the Poincare´ group is the semidirect (not direct) sum of R4 (translations) and
SO0(3, 1) (spacetime rotations).
A manifold equipped with a metric gµν and a connection Γ
µ
νρ compatible with the metric but with non-
vanishing torsion, is called an Einstein-Cartan manifold. The metric induces the Levi-Civita connection,
(ΓLC)
µ
νρ (section 13) with Γ
µ
νρ = (ΓLC)
µ
νρ+ contortion tensor.
In the Einstein-Cartan (E-C) theory of gravity, the 1-forms
{ea, ωab}
are called gauge or gravitational potentials, respectively translational and rotational, while the 2-forms
{T a, Rab}
are called gauge or gravitational field strengths, respectively translational and rotational. (See, however,
section 34.) At a point, it is always possible to set ept = 1 and ωpt = 0, i.e. respectively eµ
a = δµ
a (16
conditions) and ωµab = 0 (24 conditions). (Hehl, 1985; Hartley, 1995.) The total number of conditions,
40, coincides with that for making zero the Christoffel symbols in the case of the Levi-Civita connection
(|{(ΓLC)µνρ}| = 40).
Comment. Together with the comments in section 10, we have the following relations:
curvature←→ spin connection←→ spacetime rotations,
torsion←→ tetrads←→ spacetime translations.
On the other hand, from Noether theorem, we have the relations:
spacetime rotations←→ angular momentum,
spacetime translations←→ energy momentum.
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Naively, one should then expect the following relations:
curvature←→ angular momentum,
torsion←→ energy momentum.
However, in Einstein-Cartan theory, based on a non-symmetric metric connection, the sources of cur-
vature and torsion are respectively energy momentum and spin angular momentum i.e.
curvature←→ energy momentum,
torsion←→ spin angular momentum.
This “crossing” of relations is due to holonomy theorems (Trautman, 1973).
These facts can be better understood as follows: In (special) relativistic field theory (r.f.t.), fields belong
to irreducible representations of the Poincare´ group P4, which are characterized by two parameters: mass
and spin. Invariance under translations (T4) and rotations (L4) respectively leads, by Noether theorem, to
the conservation of energy-momentum (Tµν) and angular momentum: orbital + intrinsic (spin, with density
Sµνρ). On the other hand, differential geometry (d.g.), through holonomy theorems, relates curvature (R
µ
νρσ)
with the Lorentz group and torsion (T ρµν) with translations (section 10). Finally, Einstein (E) equations
make energy-momentum the source of curvature, while Cartan (C) equations makes spin the source of torsion.
This is summarized in the following diagram:
L4
d.g.ր ↓ ց r.f.t.
Rµνρσ δω ց Sµνρ
↑ E C ↓
T µν տ δe T ρµν
r.f.t.տ ↑ ւ d.g.
T4
In a formulation of the Einstein-Cartan theory based on tetrads and spin connection, the Einstein equations
are obtained by variation with respect to the tetrads (δe), related to translations, and the Cartan equations
by variation with respect to the spin connection (δω), related to rotations. (See section 32.)
Locally, as differential 2-forms with values in so(3, 1) and Lie(T4) = R4, R and T a are respectively
given as follows:
R =
1
2
Rabρσdx
ρ ∧ dxσ ⊗ lab ∈ Γ(Λ2U ⊗ so(3, 1)), Rabρσ = ηadRdbρσ, R(x) = (x,Rx),
Rx =
1
2
Rabρσ(x)dx
ρ|x ∧ dxσ|x ⊗ lab ∈ Λ2xU ⊗ so(3, 1), Rx : TxU ⊗ TxU → so(3, 1), Rx(vx, wx)
=
1
4
Rabρσ(x)(v
ρ
xw
σ
x − vσxwρx)lab;
T a = T aµνdx
µ ∧ dxν ⊗ ~λ ∈ Γ(Λ2U ⊗R4), T a(x) = (x, T ax ), T ax = T aµν(x)dxµ|x ∧ dxν |x ⊗ ~λ,
T ax : TxU ⊗ TxU → R4, T ax (vx, wx) =
1
2
T aµν(x)(v
µ
xw
ν
x − vνxwµx)~λ.
From the definition of T, we have, since d2 = 0, dT = dω ∧ e − ω ∧ de = dω ∧ e − ω ∧ (T − ω ∧ e) =
dω ∧ e− ω ∧T+ ω ∧ ω ∧ e, i.e. dT+ ω ∧T = (dω + ω ∧ ω) ∧ e, that is
dT+ ω ∧T = R ∧ e ∈ Ω3(L1). (α)
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In Lorentz components,
dT a + ωab ∧ T b = Rab ∧ eb. (α′)
For R one has dR = dω ∧ ω − ω ∧ dω = (R− ω ∧ ω) ∧ ω − ω ∧ (R − ω ∧ ω) = R ∧ ω − ω ∧R, i.e.
dR + ω ∧R−R ∧ ω = 0 ∈ Ω3(L11). (β)
In components,
dRab + ω
a
c ∧Rcb −Rac ∧ ωcb = 0. (β′)
(α) and (β) (or (α′) and (β′)) are the so called Bianchi identities. (Compare (β) with the corresponding
equation in section 12.)
Defining the covariant exterior derivative operator acting on Lorentz tensors-valued differential forms
Dω = d+ ω∧
we have the equations
T = Dωe, DωT = R ∧ e, DωR = R ∧ ω.
Though ω is not a Lorentz tensor, one has R = Dωω.
It is easy to verify that T a is nothing but twice the torsion tensor of section 9.:
ea
λT aµν = ea
λ((dea)µν+(ω
a
b∧eb)µν) = eaλ(∂µeνa−∂νeµa+ωaµbeνb−ωaνbeµb) = (eaλ∂µeνa+eaλeνbωaµb)
−(eaλ∂νeµa + eaλeµbωaνb) = Γλµν − Γλνµ = 2T λµν.
A similar calculation leads to
ea
ρeσ
bRabµν = ea
ρeσ
b(dωab+ω
a
c ∧ωcb)µν = eaρeσb(∂µωaνb− ∂νωaµb+ωaµcωcνb−ωaνcωcµb) = Rρσµν .
For the Ricci tensor and the Ricci scalar of sections 16 and 18 respectively (but now not restricted to
the Levi-Civita connection) we have
Rσν = R
µ
σµν = ea
µeσ
bRabµν and R = R
ν
ν = ea
µeσ
bRabµνg
σν = ea
µeb
νRabµν .
We summarize the above formulae in the following table:
Ω1(L1) Ω1(L11) Ω
2(L1) Ω2(L11) Ω
3(L1) Ω3(L11) Components
e × − − − − − ea
ω − − − − − − ωab
T = de+ ω ∧ e − − × − − − T a = dea + ωab ∧ eb
R = dω + ω ∧ ω − − − × − − Rab = dωab + ωac ∧ ωcb
dT+ ω ∧T = R ∧ e − − − − × − dT a + ωab ∧ T b = Rab ∧ eb
dR+ ω ∧R = R ∧ ω − − − − − × dRab + ωac ∧Rcb = Rac ∧ ωcb
30. Spin connection in non-coordinate basis
The Christoffel symbols for a metric connection with torsion is given in Appendix B:
Γµνρ = (ΓLC)
µ
νρ +K
µ
νρ
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where the contortion tensor depends on the metric and the torsion, while (ΓLC)
µ
νρ only depends on the metric
and its derivatives. Contracting with ea′s and eb′s one has
ea
νeb
ρeµ
c(ΓLC)
µ
νρ + ea
νeb
ρeµ
cKµνρ = ea
νeb
ρeµ
cΓµνρ,
and using (c′) in 28.9 we obtain
ωcab + eb
ρeρ,a
c = ea
νeb
ρeµ
c(ΓLC)
µ
νρ +K
c
ab.
Using the expressions for gµν , ∂ρgµν , etc. in ΓLC in terms of e
′s and their derivatives, a straightforward
calculation leads to
ωdab = γabd +Kdab (U4 − space) (∗)
where
γabd = −Ωdab +Ωabd − Ωbda = −γadb
are the Ricci rotation coefficients, with |{γabd}| = n
2(n−1)
2 , (24 for n = 4), and
Xabc = ηadX
d
bc, X = ω, γ,Ω,K; X
d
cb = −Xdbc, X = ω, γ,Ω.
If T a = 0, then
ωdab = γabd. (V4 − space)
We emphasize that the γabd
′s come from the metric, the Vielbeine and their inverses and derivatives. So,
the parallel transport and concomitant rotations of vectors by (∗) has two sources: metric (g) and torsion
(τ): from
ωνab = γabν +Kνab,
we have
(δ||A)a|x = −ωνab(x)Ab(x)dxν |x = (δ(g)|| A)a|x + (δ
(τ)
|| A)|x
with
(δ
(g)
|| A)a|x = −γabν(x)Ab(x)dxν |x
and
(δ
(τ)
|| A)a|x = −Kνab(x)Ab(x)dxν |x.
(Aa = ea
µAµ, A
b = ηbcAc.)
31. Locally inertial coordinates
Let (Mn, g,Γ) be a Un-space (see Appendix B), x ∈Mn and (U,ϕ = (xµ)) a chart on Mn with x ∈ U
and xµ(x) = 0, µ = 0, . . . , n− 1. Let (U ′, ϕ′ = (x′µ)) be an intersecting chart with x′µ(x) = 0 and
xµ = x′µ − 1
2
Γµ(νρ)(x)x
′νx′ρ,
where (νρ) means symmetrization. The antisymmetric part Γµ[νρ] = T
µ
νρ = −T µρν (torsion) does not contribute
to the change of coordinates.
The condition of metricity at x,
0 = gµν;λ(x) = gµν,λ(x) − Γρλµ(x)gνρ(x) − Γρλν(x)gµρ(x),
which, being a tensor also holds in the chart U ′, the tensor transformation formula of gµν (section 7), and
the diagonalization of gµν to ηµν at x (uniquely determined up to a Lorentz transformation (section 28.8)),
lead to the equations:
g′µν(x
′λ) = ηµν + (ηµρT
ρ
λν(x) + ηνρT
ρ
λµ(x))x
′λ +O(x′µ2) = ηµν +
∂
∂x′λ
g′µν(x)x
′λ +O(x′µ2), (a)
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and
(Γ′LC)
µ
νρ(x) =
1
2
ηµσ(∂′ν(g
′
ρσ)(x) + ∂
′
ρ(g
′
σν)(x) − ∂′σ(g′νρ)(x)). (b)
So,
T µνρ(x) = 0⇒ ∂′λ(g′µν)(x) = 0 and (Γ′LC)µνρ(x) = 0,
i.e. the vanishing of the torsion at x is a sufficient condition for having a local inertial system at x.
However, the condition is not necessary: in fact,
ηµρT
ρ
λν(p) + ηνρT
ρ
λµ(p) = Tλνµ(p) + Tλµν(p) = 0
implies that Tµνρ is also antisymmetric in its second and third indices, and then it is totally antisymmetric,
since Tµνλ = −Tµλν = Tλµν = −Tλνµ.
A calculation gives:
n = 2:
T 001 = T
1
01 = 0
n = 3:
T 001 = T
0
02 = T
1
01 = T
1
12 = T
2
02 = T
2
12 = 0,
T 012 = T
2
10 = T
1
02
n = 4:
T 001 = T
0
02 = T
0
03 = T
1
01 = T
1
12 = T
1
13 = T
2
02 = T
2
12 = T
2
32 = T
3
03 = T
3
13 = T
3
23 = 0,
T 012 = T
2
10 = T
1
02,
T 013 = T
3
10 = T
1
03,
T 023 = T
3
20 = T
2
03,
T 123 = T
2
31 = T
3
12
In each case, the number of independent but not necessarily zero components of the torsion tensor coincides
with the number of independent components of the totally antisymmetric torsion tensor with covariant
indices, number which results from the condition that the definition of geodesics as “world-lines of particles”
(parallel transported velocities, section 8) to coincide with their definition as extremals of length. This last
fact can be seen as follows:
As world-lines, geodesics are defined in section 8, the equation being
d2xα
dλ2
+ Γα(νµ)
dxν
dλ
dxµ
dλ
= 0 (∗)
where only the symmetric part of Γµνρ contributes:
Γα(νµ) = (ΓLC)
α
νµ − gαρ(T λµρgλν + T λνρgλµ) = (ΓLC)ανµ − (Tµ α ν + Tν α µ) = (ΓLC)ανµ − 2T(µ α ν)
with gδγTαβγgασ = g
δγTβγσ = Tβ
δ
σ; notice that the covariant form of the torsion tensor, Tβγδ, is anti-
symmetric in the first two indices: Tβγδ = −Tγβδ. (With this definition of Tαβγ , the covariant form of the
contortion tensor is
Kµνρ = gραK
α
µν = Tµνρ − Tνρµ + Tρµν ,
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which is antisymmetric in the last two indices i.e. Kµνρ = −Kµρν .)
On the other hand, the equation of geodesics defined as extremals of arc-length:
0 = δ
∫
ds = δ
∫
(gµνdx
µdxν)
1
2 ,
turns out to be (Carroll, 2004, pp.106-109)
d2xα
dλ2
+ (ΓLC)
α
νµ
dxν
dλ
dxµ
dλ
= 0. (∗∗)
Then, for the definitions (∗) and (∗∗) to coincide, T(µ α ν) must vanish i.e. Tµ α ν = −Tν α µ ⇔ gαρTµρν =
−gαρTνρµ ⇔ Tµσν = −Tνσµ i.e. Tαβγ must be 1-3 antisymmetric; but this implies that Tαβγ is also 2-3
antisymmetric: Tµσν = −Tνσµ = Tσνµ = −Tµνσ. Since, by definition, Tµνρ is antisymmetric in the first
two indices, it then turns out to be totally antisymmetric; in n dimensions, its number of independent
components is
(
n
3
)
= n(n−1)(n−2)6 ≡ N . Some values are:
n 2 3 4
N 0 1 4
The set of allowed non-vanishing components of the torsion tensor still leads to “physical” (geometrical)
effects in the sense of section 10. The non-closure of a parallelogram with infinitesimal sides ǫµ and δν is
measured by the vector
∆µ = 2T µβαδ
βǫα = T µβα(δ
βǫα − δαǫβ)
. For n = 4 its components are:
∆0 = T 012(δ
1ǫ2 − δ2ǫ1) + T 013(δ1ǫ3 − δ3ǫ1) + T 023(δ2ǫ3 − δ3ǫ2),
∆1 = T 123(δ
2ǫ3 − δ3ǫ2) + T 102(δ0ǫ2 − δ2ǫ0) + T 103(δ0ǫ3 − δ3ǫ0),
∆2 = T 231(δ
3ǫ1 − δ1ǫ3) + T 210(δ1ǫ0 − δ0ǫ1) + T 203(δ0ǫ3 − δ3ǫ0),
∆3 = T 310(δ
1ǫ0 − δ0ǫ1) + T 320(δ2ǫ0 − δ0ǫ2) + T 312(δ1ǫ2 − δ2ǫ1),
which can be distinct from zero.
In summary, the necessary and sufficient condition for erecting a locally inertial coordinate system at a
point x in a U4-space, is that the symmetric part of the contortion tensor vanish up to terms of order (xµ)
2
,
where xµ(x) = 0. (Socolovsky, 2010.)
In the above sense, the weak equivalence principle, which only refers to the free motion of point-like
and therefore classical particles, still holds in a U4-space (U4 = (M4, g,Γ) with Γ a metric connection). (A
similar result was recently found by Fabbri (Fabbri, 2011).)
32. Einstein-Cartan equations
(We owe this derivation to L. Fabbri, 2010.)
A. Pure gravitational case (“vacuum”)
We start from the curvature 2-form Rab with components R
a
bµν given in section 29; we define the Ricci
tensor
Rbν := R
a
bµνea
µ
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and the Ricci scalar
R = Rbνη
bcec
ν .
Then
R = ηbcRabµνea
µec
ν = R(ωab, ec).
The gravitational action is given by the Einstein-Hilbert lagrangian density eR,
SG =
∫
d4x eR
with e =
√−detgµν ≡ √.
A.1. Variation with respect to the spin connection: δ = δω (→Cartan equations)
Varying Rabµν w.r.t. ω, using δ(∂αω
c
βd) = ∂α(δω
c
βd), and adding and subtracting (δω
a
ρb)Γ
ρ
µν one obtains
δRabµν = Dµ(δωaνb)−Dν(δωaµb) + 2δωaρbT ρµν
where
Dµ(δωaνb) = ∂µ(δωaνb)− ωcµb(δωaνc) + ωaµc(δωcνb)− Γρµν(δωaρb)
and
Dν(δωaµb) = ∂ν(δωaµb)− ωcνb(δωaµc) + ωaνc(δωcµb)− Γρνµ(δωaρb)
are covariant derivatives since δωcαd is a tensor (ω
c
αd is a connection, not a tensor, but the difference of two
connections is a tensor). Then,
δωSG =
∫
d4x eea
µηbcec
νδRabµν =
∫
d4x e(Dµ((δωaνb)eaµηbcecν)−Dν((δωaµb)eaµηbcecν)
+2ea
µηbcec
νδωaρbT
ρ
µν) =
∫
d4x e(DµV
µ + 2(δωρ
ac)T ρac)
with V µ the 4-vector given by
V µ = (δων
ac)(ea
µec
ν − eaνecµ),
where we have used the Leibnitz rule for Dα, Dαeaσ = 0, Dµηbc = 0, and raised Lorentz indices with ηab.
For DµV
ν one has
DµV
ν = (DLC)µV
ν +KνµρV
ρ = ∂µV
ν + (ΓLC)
ν
µλV
λ +KνµρV
ρ,
then
DµV
µ = (DLC)µV
µ +KµµρV
ρ = e−1(eV ρ),ρ − 2TλV λ
where we have used (ΓLC)
µ
µλ =
√−1
∂λ
√
(appendix C), appendix B, and the definition of the torsion 1-form
Tλ = T
ρ
λρ (section 9). Neglecting the surface term
∫
d4x (eV ρ),ρ one obtains
0 = δωSG =
∫
d4x e(−TµV µ + δωρacT ρac) =
∫
d4x e(δων
ac)(−ecνTa + eaνTc + T νac)
with Ta = Tµea
µ, which, due to the arbitrariness of δων
ac leads to the Cartan equations for torsion (in
“vacuum”):
T νac + ea
νTc − ecνTa = 0. (i)
Multiplying (i) by eρ
aeσ
c one obtains the Cartan equations in local coordinates:
T νρσ + δ
ν
ρTσ − δνσTρ = 0. (ii)
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Proposition 1: Torsion vanishes.
Proof. Taking the ν − σ trace in (ii) leads to Tρ + Tρ − 4Tρ = −2Tρ = 0; then Tρ = 0 and from (ii)
again,
T νρσ = 0. qed
Note: The above result holds in n dimensions for n 6= 2: the ν − σ trace gives (2− n)Tρ = 0. For n = 2, Tρ
is arbitrary with independent components T 001 = −T1 and T 101 = T0. Also, notice that (i) (or (ii)) is not a
differential equation, but an algebraic one; this is the mathematical expression of the fact that in E-C theory
torsion does not propagate.
Proposition 2: Let
T νρσ + δ
ν
ρTσ − δνσTρ = κSνρσ (iii)
with Sνρσ = −Sνσρ, and κ a constant. ((iii) corresponds to a non-vacuum case and will be used in part B.)
Then,
T νρσ = κ(S
ν
ρσ −
1
2− n (δ
ν
ρSσ − δνσSρ)) (iv)
where n 6= 2 is the dimension of the manifold and Sµ = Sνµν . In particular, for n = 4,
T νρσ = κ(S
ν
ρσ +
1
2
(δνρSσ − δνσSρ)). (v)
Proof. Again taking the trace ν − σ in (iii), (2 − n)Tρ = κSρ, then Tρ = 12−nSρ and T νρσ is (iv). qed
For n = 2, the unique solution of (iii) is Sµνρ = 0: in fact, δ
ν
ν = 2 and then Sρ = 0; so S0 = S
1
01 = 0 and
S1 = S
0
10 = 0.
A.2. Variation with respect to the tetrads: δ = δe (→ Einstein equations)
Again from SG,
δeSG =
∫
d4x ((δR)e +Rδe) =
∫
d4x (Rabµνη
bce((δea
µ)ec
ν + ea
µδec
ν)−Reeλdδedλ)
=
∫
d4x (2Raµ −Reµa)eδeaµ = 0
where we used δe = −eeλdδedλ (appendix C), and from the arbitrariness of δeaµ, we obtain the Einstein
equations for curvature (in “vacuum”):
Raµ − 1
2
Reµ
a = 0 (vi)
or
Gaµ = 0 (vii)
with
Gaµ = R
a
µ − 1
2
Reµ
a. (viii)
(Raµ = η
acRcµ.) Since in vacuum R = 0 (section 18), (vi) amounts to
Raµ = 0. (ix)
Of course, multiplying (vi) by ea
ν we obtain Einstein equations in local coordinates (section 20).
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In summary, for the pure gravitational case, Einstein theory=Einstein-Cartan theory; this is a conse-
quence of the form of the Einstein-Hilbert action SG. From the form of R, gravity has been expressed as an
interacting gauge theory (see section 33) between the spin connection ωab and the coframes field e
a; both
ωab and e
a are pure geometric fields, which live in the frame and coframe bundles L4 → FL4 → M4 and
L4 → F ∗L4 →M4 respectively.
B. Minimal coupling to Dirac fields
The Dirac-Einstein action is given by
SD−E = k
∫
d4x eLD−E = k
∫
d4x e (
i
2
(ψ¯γa(Daψ)− (D¯aψ¯)γaψ)−mψ¯ψ)
where
Daψ = (ea − i
4
ωabcσ
bc)ψ = ea
µ(∂µ − i
4
ωµbcσ
bc)ψ = ea
µDµψ
and
D¯aψ¯ = eaψ¯ +
i
4
ωabcψ¯σ
bc = ea
µ(∂µψ¯ +
i
4
ωµbcψ¯σ
bc) = ea
µD¯µψ¯
are the covariant derivatives of the Dirac field ψ and its conjugate ψ¯ = ψ†γ0 with respect to the spin
connection, which give the minimal coupling between fermions and gravity; they are obtained through the
replacement
daψ → Daψ i.e. eaψ = eaµ∂µψ → Daψ
which amounts to the “comma goes to semicolon” rule for tensors but here adapted to spinor fields. σbc =
i
2 [γ
b, γc], and the γa’s are the usual numerical (constant) Dirac gamma matrices satisfying {γa, γb} = 2ηabI,
γ0† = γ0 and γj† = −γj. k = −16π Gc4 (−16π in natural units). Then the action is
SD−E = k
∫
d4x e (
i
2
ψ¯γµ(∂µψ +
1
8
ωµbc[γ
b, γc]ψ)− i
2
(∂µψ¯ − 1
8
ωµbcψ¯[γ
b, γc])γµψ −mψ¯ψ)
where γµ = ea
µγa = γµ(x).
B.1. Variation with respect to the spin connection: δ = δω
δωSD−E =
k
8
∫
d4x e ψ¯{γµ, σbc}ψδωµbc = k
2
∫
d4x e Sµbcδωµbc
with Sµbc = ea
µSabc, where
Sabc =
1
4
ψ¯{γa, σbc}ψ
is the spin density tensor of the Dirac field. Sabc is totally antisymmetric and therefore in 4 dimensions it
has 4 independent components: S012, S123, S230 and S301.
Combining this result with the corresponding variation for the pure gravitational field (part A), we
obtain
0 = δω(SG + SD−E) =
∫
d4x e δων
ac(T νac + ea
νTc − ecνTa + k
2
Sνac)
and therefore
T νac + ea
νTc − ecνTa = −k
2
Sνac,
the Cartan equation. Multiplying by eρ
aeσ
c one obtains
T νρσ + δ
ν
ρTσ − δνσTρ = −
k
2
Sνρσ
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with
Sνρσ =
1
4
ψ¯{γµ, σρσ}ψ.
From (iii) in part A, with κ = −k2 , we obtain the torsion in terms of the spin tensor:
T νρσ =
8πG
c4
(Sνρσ +
1
2
(δνρSσ − δνσSρ))
with Sρ = S
ν
ρν . In natural units, G = c = h¯ = 1 and so T
ν
ρσ = 8π(S
ν
ρσ +
1
2 (δ
ν
ρSσ − δνσSρ)).
B.2. Variation with respect to the tetrads: δ = δe
From SD−E and using appendix C for δe, one obtains
δeSD−E = k
∫
e (
i
2
(ψ¯γa(Dµψ)− (D¯µψ¯)γaψ)− eµaLD−E)δeaµ.
For the Dirac fields which obey the equations of motion
δSD−E
δψ¯
=
δSD−E
δψ
= 0
i.e.
iγa(D¯aψ¯) +mψ¯ = iγ
aDaψ −mψ = 0
the Dirac-Einstein lagrangian vanishes i.e. LD−E |eq. mot. = 0. Then, combining this result with the corre-
sponding variation for the pure gravitational field (part A),
0 = δe(SG + SD−E) =
∫
d4x e (2Raµ −Reµa + k i
2
(ψ¯γa(Dµψ)− (D¯µψ¯)γaψ))δeaµ,
and from the arbitrariness of δea
µ,
Raµ − 1
2
Reµ
a = −k
2
T aµ (∗)
with
T aµ =
i
2
(ψ¯γa(Dµψ)− (D¯µψ¯)γaψ)
the energy-momentum tensor of the Dirac field. Multiplying (∗) by eaν one obtains
Rνµ − 1
2
Rδνµ = −
k
2
T νµ or Rλµ − 1
2
Rgλµ = −k
2
Tλµ,
the Einstein equation.
Note: For LD−E one has
LD−E = eaµT aµ −mψ¯ψ
i.e. T aµ couples to the tetrad. On the other hand,
T aµ = θ
a
µ + ωµbcS
abc
where
θaµ =
i
2
(ψ¯γa∂µψ − (∂µψ¯)γaψ)
is the canonical energy-momentum tensor of the Dirac field. Then,
LD−E = eaµθaµ + eaµωµbcSabc −mψ¯ψ = eaµθaµ + ωabcSabc −mψ¯ψ.
45
So, θaµ couples to the tetrad while spin couples to the spin connection; moreover, since S
abc is totally
antisymmetric, the Dirac field only interacts with the totally antisymmetric part of the connection.
33. Lorentz gauge invariance of Einstein and Einstein-Cartan theories
Under Lorentz transformations ha
b(x) in the tangent, cotangent and, in general, tensor spaces at each
point x of the manifold M4 (for simplicity we restrict the discussion to four dimensions), the frames ea (or
ea
µ), coframes ea (or eµ
a) and spin connection ωab (or ω
a
µb) transform as indicated in sections 28.8 and 28.9.
The volume element d4x e in SG (or SD−E) is invariant; in fact,
gµν(x) = ηabeµ
a(x)eν
b(x) = ηabe
′
µ
c
h−1c
a
e′ν
d
h−1d
b
= e′µ
c
e′ν
d
h−1c
a
ηabh
−1
d
b
= e′µ
c
e′ν
d
ηcd = g
′
µν(x)
and then det(−gµν(x)) = det(−g′µν(x)) i.e. e′(x) = e(x). Then d4x e = d4x′ e′ since x′µ = xµ.
A. Pure gravitational case (“vacuum”)
Though ωab = ω
a
µabdx
µ is a connection and transforms as
ωca = hc
dω′rdh−1r
c
+ (dha
d)h−1d
c
,
its curvature Rab is a Lorentz tensor:
Rab = hb
dh−1c
a
R′cd ∈ Ω2(L11)
(see table in section 29); then the Ricci scalar is gauge invariant:
R = Rabeaη
bcec = hb
dR′cdh−1c
a
ha
fe′fη
bghg
le′l = R
′c
dδ
f
c e
′
fη
dle′l = R
′c
de
′
cη
dle′l = R
′.
(An explicit proof of the gauge invariance of R is given in Appendix D.)
Remark: In this section, the tetrads ea (or their duals e
a) are not gauge potentials; only the spin
connection ωab is a gauge potential, related to the Lorentz group and therefore to space-time rotations (at
each point of the manifold). So, if only the Lorentz group is gauged, the metric g = ηabe
a ⊗ eb (see eq. (b)
in section 28.6) does not come from the connection.
B. Minimal coupling to Dirac field
See O’Raifeartaigh (1997), Ch. 5,
∮
3, pp 115-116.
34. Poincare´ gauge invariance of Einstein and Einstein-Cartan theories
We need the concepts of affine structures: spaces, bundles and connections (
∮
3, chapter III, Kobayashi
and Nomizu, 1963).
The general linear group GLn(R) in n real dimensions acts from the left on the vector space R
n by
simple matrix multiplication: (g, λ) 7→ gλ, which is a linear operation.
The affine space
An = {
(
λ
1
)
, λ ∈ Rn}
is acted by the affine group in n real dimensions
GAn(R) = {
(
g ξ
0 1
)
, g ∈ GLn(R), ξ ∈ Rn}
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as follows:
GAn(R)×An → An, (
(
g ξ
0 1
)
,
(
λ
1
)
) 7→
(
gλ+ ξ
1
)
.
Then, one has the following diagram of short exact sequences (s.e.s.’s) of groups and group homomorphisms:
0 −→ Rn µ−→ GAn(R)
ν−→
ρ←− GLn(R) −→ 0
Id ↑ ↑ ι ↑ ι
0 −→ Rn µ|−→ Pn
ν|−→
ρ|←−
Ln −→ 0
with µ(ξ) =
(
In ξ
0 1
)
and ν(
(
g λ
0 1
)
) = g. µ is 1-1, ν is onto, and ker(ν) = Im(µ) = {
(
In ξ
0 1
)
, ξ ∈ Rn}.
We have also restricted µ and ν (respectively µ| and ν|) to the connected components of the Poincare´ (Pn)
and Lorentz (Ln) groups in n dimensions. Both s.e.s.’s split, i.e. there exists the group homomorphism
ρ : GLn(R) → GAn(R), g 7→ ρ(g) =
(
g 0
0 1
)
and its restriction ρ| to Ln, such that ν ◦ ρ = IdGLn(R) and
ν| ◦ ρ| = IdLn . So
GAn(R) = R
n ⊙GLn(R), Pn = Rn ⊙ Ln
with composition law
(λ′, g′)(λ, g) = (λ′ + g′λ, g′g).
As a consequence, the factorization of an element of GAn(R) (Pn) in terms of elements of Rn and GLn(R)
(Ln) is unique:
(
g ξ
0 1
)
= µ(ξ)ρ(g) (or µ|(ξ)ρ|(g)). The dimensions of GAn(R), GLn(R), Pn and Ln are,
respectively, n+ n2, n2, n(n+1)2 and
n(n−1)
2 (20, 16, 10 and 6 for n = 4).
The above s.e.s.’s pass to s.e.s.’s of the corresponding Lie algebras:
0 −→ Rn µ˜−→ gan(R)
ν˜−→˜
ρ←− gln(R) −→ 0
Id ↑ ↑ ι ↑ ι
0 −→ Rn µ˜|−→ pn
ν˜|−→˜
ρ|←−
ln −→ 0
with gln(R) = R(n), gan(R) = R
n ⊙ gln(R) with Lie product
(λ′, R′)(λ,R) = (R′λ−Rλ′, [R′, R]),
where [R′, R] is the Lie product in gln(R) and [λ′, λ] = 0 in Rn, µ˜(ξ) = (ξ, 0), ν˜(ξ, R) = R, and ρ˜(R) =
(0, R). µ˜, ν˜ and ρ˜ (and their corresponding restrictions µ˜|, ν˜| and ρ˜|) are Lie algebra homomorphisms, with
ν˜ ◦ ρ˜ = Idgln(R) and ν˜| ◦ ρ˜| = Idln . The s.e.s.’s split only at the level of vector spaces i.e. if (λ,R) ∈ gan(R),
then (λ,R) = µ˜(λ) + ρ˜(R), but (λ,R) 6= µ˜(λ)ρ˜(R).
Let us denote:
Mn: n-dimensional differentiable manifold
FMn : frame bundle of Mn: GLn → FMn piF−→Mn
AMn : affine frame bundle of Mn: GAn → AMn piA−→Mn
GLn: general linear group in n dimensions (section 24), dimRGLn = n
2
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GAn: general affine group in n dimensions, dimRGAn = n+ n
2
FLMn : bundle of Lorentz frames of Mn: Ln → FLMn
piF |−→Mn (section 25)
FPMn : bundle of Poincare´ frames of Mn: Pn → APMn
piA|−→Mn
One has the following diagram of bundle homomorphisms:
AMn ×GAn ι×ι←− APMn × Pn
β|×ν|−→
γ|×ρ|←−
FLMn × Ln ι×ι−→ FMn ×GLn
ψA ↓ ψA| ↓ ↓ ψF | ↓ ψF
AMn
ι←− APMn
β|−→
γ|←−
FLMn
ι−→ FMn
πA ↓ πA| ↓ ↓ πF | ↓ πF
Mn
Id−→ Mn Id−→ Mn Id−→ Mn
where β is the bundle homomorphism
AMn ×GAn
β×ν−→
γ×ρ←− FM
n ×GLn
ψA ↓ ↓ ψF
AMn
β−→
γ←− FM
n
πA ↓ ↓ πF
Mn
Id−→ Mn
between the bundle of affine frames and the bundle of linear frames over Mn, with
β(x, (vx, rx)) = (x, rx), γ(x, rx) = (x, (0x, rx)), 0 ∈ TxMn,
AMn = ∪x∈Mn({x} ×AMnx ), AMnx = {(vx, rx), vx ∈ AxMn, rx ∈ Fx},
where AxM
n is the tangent space at x considered as an affine space (Appendix E); and
ψA((x, (vx, rx)), (ξ, g)) = (x, (vx + rxξ, rxg))
is the action of GAn on AM
n, with rxξ =
∑n
a=1 eaxξ
a. π|F , . . . , ψ|A, . . . , β|, . . ., etc. are restrictions; in
particular β|(a) = β(a) and γ|(e) = γ(e).
A general affine connection (g.a.c.) on Mn is a connection in the bundle of affine frames AMn . If ωA is
the 1-form of the connection, then
ωA ∈ Γ(T ∗AMn ⊗ gan)
i.e.
ωA : AM
n → T ∗AMn ⊗ gan, (vx, rx) 7→ ((vx, rx), ωA(vx,rx)), ωA(vx,rx) : T(vx,rx)AMn → gan,
V(vx,rx) 7→ ωA(vx,rx)(V(vx,rx)) = (λ,R) ≡ λ⊙R ∈ Rn ⊙ gln(R).
Obviously, ωA obeys the usual axioms of connections.
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From the smoothness of γ, the pull-back γ∗(ωA) is a gan-valued 1-form on FMn:
γ∗(ωA) = ϕ⊙ ωF ,
where ωF is a connection on FM
n, and ϕ is an Rn-valued 1-form. There is a 1-1 correspondence between
g.a.c.’s on AMn and pairs (ωF , ϕ) on FM
n:
{ωA}g.a.c. ←→ {(ωF , ϕ)}.
ωA is an affine connection (a.c.) on M
n if ϕ is the soldering (canonical) form θ on FMn (section 26).
Then, if ωA is an a.c. on AM
n,
γ∗(ωA) = θ ⊙ ωF
where ωF is a connection on FM
n. There is then a 1-1 correspondence
{ωA}a.c. ←→ {ωF},
since θ is fixed. Also, if ΩA is the curvature of ωA, then
γ∗(ΩA) = DωF θ ⊙ ΩF .
But DωF θ = TF : the torsion of the connection ωF on FM
n: in fact, from section 26, θµ = (X−1)µνdx
ν , then
θa = eµ
aθµ = eµ
a(X−1)µνdx
ν = (X−1)aνdx
ν = eν
adxν = ea, so DωF θ
a = dθa + ωaF be
b = T aF . Therefore,
γ∗(ΩA) = TF ⊙ ΩF .
The facts that APMn is a subbundle of AMn and FLMn is a subbundle of FMn, with structure groups
and Lie algebras the corresponding subgroups and sub-Lie algebras, and the existence of the restrictions
β| : APMn → FLMn and γ| : FLMn → APMn, allow us to obtain similar conclusions for the relations
between affine connections on the Poincare´ bundle and linear connections on the Lorentz bundle:
There is a 1-1 correspondence between affine Poincare´ connections ωP on F
PMn and Lorentz connections
on FLMn:
{ωP} ←→ {ωL}
with
γ|∗(ωP ) = θL ⊙ ωL
where θL = θFMn |FLMn is the canonical form on FLMn. Also,
γ|∗(ΩP ) = DωLθL ⊙ ΩL = TL ⊙ ΩL.
So, there is a 1-1 correspondence between curvatures of affine connections on FPMn and torsion and curva-
ture pairs on FLMn:
{ΩP } ←→ {(TL,ΩL)}.
For pure gravity governed by the Einstein-Hilbert action, TL = 0, as it was shown in section 32.
The Poincare´ gauge invariance of G.R. and E-C theory has been discussed by several authors (Hayashi
and Shirafuji, 1980; Ali et al, 2009; Gronwald and Hehl, 1996; Hehl, 1998). To explicitly prove it, we have
to consider as gauge transformations both the Lorentz part, already studied in the previous section, and the
translational part. This has to be done using the bundle of Poincare´ frames F4 : P4 → APM4 piP−→M4 (πP =
πA|), (D’Olivo and Socolovsky, 2011). The action of P4 over on APM4 is given by
ψP : A
PM4 × P4 → APM4, (ψP = ψA|), ψP ((x, (vx, rx)), (ξ, h)) ≡ (x, (vx, rx))(ξ, h) = (x, (vx + rxξ, rxh))
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= (x, (v′x, r
′
x)), where rx = (eax), a = 1, 2, 3, 4, is a Lorentz frame, h ∈ L4, and ξ ∈ R4 ∼= R1,3 is a Poincare´
gauge translation. For a pure translation, h = IL i.e. ha
b = δa
b and therefore
(x, (vx, rx))(ξ, IL) = (x, (vx + rxξ, rxIL)) = (x, (vx + rxξ, rx))
i.e.
r′x = rx.
Therefore e′ax = eax, a = 1, 2, 3, 4, and then, from (c) or (c
′) in section 28.9,
ω′aµb = ω
a
µb
since Γµνρ = (ΓLC)
µ
νρ +K
µ
νρ remains unchanged (in the case of pure gravity K
µ
νρ = 0), and so the coordinate
Ricci scalar R of section 32.A is also a gauge scalar and SG is invariant.
The Poincare´ bundle extends the symmetry group of GR and E-C theory to the semidirect sum
GGR = P4 ⊙D
cf. 28.11, with composition law
((ξ′, h′), g′)((ξ, h), g) = ((ξ′, h′)(g′(ξ, h)g′−1), g′g).
The left action of D on P4 is given by the commutative diagram
APM4
(ξ,h)−→ APM4
g ↓ ↓ g
APM4
(ξ′,h′)−→ APM4
with
g : APM4 → APM4, (x, (vµx
∂
∂xµ
|x, (eaxν ∂
∂xν
|x))) 7→ (x, (v′µx
∂
∂x′µ
|x, (eax′ν ∂
∂x′ν
))),
where v′µx =
∂x′µ
∂xα |xvαx and eax′ν = ∂x
′ν
∂xβ
|xeaxβ .
In section 29, following Hehl (Hehl, 1985; Hehl et al, 1976; Hammond, 2002), we called ea′s the
translational gravitational gauge potentials. This is not, however, strictly correct, since the ea′s or their
duals, the tetrad fields ea = ea
µ∂µ, are not connections, but tensors in both their world (µ) and internal
(a) indices (Hayashi, 1977; Leston, 2008; Leston and Socolovsky, 2011). The translational potentials Ba
µ (in
fact their inverses Bµ
a) are given by the 1-form fields locally defined as follows (Hayashi and Nakano, 1967;
Aldrovandi and Pereira, 2007):
Bµ
a = eµ
a − ∂v
a
x
∂xµ
or Ba = ea − dvax,
where vx =
∑3
a=0 v
a
xeax ∈ AxM4; the vax’s are here considered the coordinates of the tangent space at x.
The transformation properties of the Bµ
a’s are the following:
Internal Lorentz:
Bµ
′a = habBµb − ∂µ(hba)vbx or B′a = hbaBb − (dhba)vbx.
Proof: Bµ
′a = eµ′a − ∂v
′a
x
∂xµ , with eµ
′a = hbaeµb and v′ax = hb
avbx, then Bµ
′a = hbaeµb − ∂(hb
avbx)
∂xµ .
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General coordinate transformations:
Bµ
′a =
∂xν
∂x′µ
Bν
a.
Proof: eµ
′a = ∂x
ν
∂x′µ eν
a i.e. eµ
a is a 1-form, and ∂∂xµ =
∂x′ν
∂xµ
∂
∂x′ν .
Internal translations:
Bµ
′a = Bµa − ∂µξa or B′a = Ba − dξa.
Proof: Bµ
′a = eµ′a − ∂v
′a
x
∂xµ = eµ
a − ∂v′ax∂xµ = Bµa − ∂(v
′a
x −vax)
∂xµ = Bµ
a − ∂ξa∂xµ .
Then, B = Bµdx
µ = Bµ
adxµba, where ba, a = 0, 1, 2, 3, is the canonical basis of R
4, is the connection
1-form corresponding to the translations.
Remark: The local (xµ) dependence of the internal Lorentz and translational transformations is a
consequence of the general definition of a gauge transformation in fibre bundle theory (Appendix F).
In terms of the Bµ
a fields and the spin connection, the Ricci scalar in section 32 is given by
R = (
∂vax
∂xµ
∂vbx
∂xν
+
∂vax
∂xµ
Bν
b +
∂vbx
∂xν
Bµ
a +Bµ
aBν
b)(∂µωνab − ∂νωµab + ωµacωνcb − ωνacωµcb ). (41)
If one intends to use this Lagrangian density as describing a (Bµ
a, ωνbc) (or (eµ
a, ωνbc)) interaction (Randono,
2010), then immediately faces the problem that the Bµ
a (or eµ
a) does not have a free part (in particular a
kinematical part), since all its powers are multiplied by ω’s or ∂ω’s. So an interpretation in terms of fields
interaction seems difficult, and may be, impossible.
35. Torsion and gauge invariance
It is well known the problem of the violation, in the presence of torsion, of the local gauge invariance
of theories like Maxwell and Yang-Mills due to the straightforward application of the minimal coupling
procedure to introduce the interaction with the gauge fields: the “comma goes to semicolon” rule. In fact,
as we shall show below, the “prohibition” of this procedure should only be applied to the definition of the
field strengths F , as emphasized by Hammond (Hammond, 2002). For simplicity of the presentation we shall
restrict to the abelian case.
In special relativity, for the field strength in terms of the gauge potential one has F = dA = d(Aνdx
ν) =
(∂νAν)dx
µ ∧ dxν = 12 (∂µAν − ∂νAµ)dxµ ∧ dxν = Fµνdxµ ∧ dxν , which is clearly gauge independent: F (A) =
F (A+ dλ). Replacing ∂µ by Dµ one obtains
Fµν → fµν = DµAν −DνAµ = (∂µ − ΓρµνAρ)− (∂νAµ − ΓρνµAρ) = Fµν − 2Γρ[µν]Aρ = Fµν − 2T ρµνAρ. (∗)
When torsion vanishes, fµν = Fµν i.e. Aµ;ν −Aν;µ = Aµ,ν − Aν,µ; when T ρµν 6= 0, fµν 6= Fµν and moreover,
fµν is not gauge invariant: if Aµ → Aµ + ∂µλ, then fµν → f ′µν with
f ′µν − fµν ≡ δg.tr.(fµν) = −2T ρµν∂ρλ. (∗∗)
The equations (∗) and (∗∗) show that the acquired dependence on torsion of the classical electric and magnetic
fields, also depends on the chosen gauge (by the presence of λ), what is inadmissible.
At this point, we criticize the “solution” given by some authors (Hehl et al, 1976; de Sabbata, 1997),
which consists in the assertion that torsion does not couple to the gauge field. This statement would have
sense if also the Levi-Civita part of the connection would not couple, since both ΓLC and torsion “come
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together” in the sum Γ = ΓLC +K (appendix B), where torsion is the antisymmetric part of the contortion
K. However, ΓLC does couple. Moreover, de Sabbata (de Sabbata, 1997) shows that at the microscopic
quantum level photons couple to torsion in a gauge invariant way through virtual pairs e+e− creation. There
is no reason to expect that in the transit to the classical limit the coupling should disappear; though, as we
shall see below, partly due to the absence of the intermediate fermion field, gauge invariance breaks down.
A partial solution to this problem has been given by Benn, Dereli and Tucker (Benn et al, 1980), leaving,
as we show below, F = dA with F ′ = dA′ = F if A′ = A+ dλ in a completely natural way.
Let A = Aµdx
µ = Aae
a be the connection 1-form of the electromagnetic field, with Aa = ea
µAµ and
ea = eµ
adxµ. If ωab = ω
a
µbdx
µ is the spin connection with ωcb = ηcaω
a
b = −ωbc, then the exterior covariant
derivative of Aa with respect to ω
a
b is given by
DAa = dAa − ωbaAb (∗ ∗ ∗)
with dAa = dx
µ∂µAa and ω
b
aAb = Abω
b
µadx
µ. (∗ ∗ ∗) gives the minimal coupling of the electromagnetic
connection with the space-time connection, i.e. dAa
m.c.−→ DAa.
Exterior multiplication with ea gives
DAa ∧ ea = (daa − ωbaAb) ∧ ea = (dAa) ∧ ea −Abωba ∧ ea,
and using the expression for torsion T a = dea + ωabe
b (section 29), we obtain
DAa ∧ ea = (dAa) ∧ ea −Ab(T b − deb) = (dAa) ∧ ea −AbT b +Abdeb
i.e.
DAa ∧ ea +AbT b = (dAa) ∧ ea + Aadea = d(Aaea) = dA.
Then,
F = dA = DAa ∧ ea +AbT b. (∗ ∗ ∗∗)
F is closed,
dF = d2A = 0
and, most important, U(1)-gauge invariant:
A→ A′ = A+ dλ =⇒ F → F ′ = F + d2λ = F.
We notice however that DAa is not U(1)-gauge invariant: in fact, with da = ea
µ∂µ,
DAa → (DAa)′ = D(Aa + daλ) = d(Aa + daλ)− ωba(Ab + dbλ) = DAa + d(daλ)− ωbadbλ
= DAa + (δ
b
a − ωba)dbλ i.e.
(DAa)
′ = DAa +Dbadbλ
with
Dba = δ
b
ad− ωba.
Nevertheless, even with a gauge invariant field strength, due to the non gauge invariance of the spin
density tensor of the electromagnetic field, the solution of the Cartan equation gives a U(1)-gauge dependent
torsion, which points to a difficult (if not impossible) to cure illness of the EC theory. In fact, the Maxwell-
Einstein action describing the interaction between the electromagnetic field and gravity is given by
SM−E = l
∫
d4x eLM−E = l
∫
d4x e(−1
4
FµνF
µν)
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with l = Gc4 . From the r.h.s. of (∗ ∗ ∗∗) and using (∗ ∗ ∗), we obtain the expression for Fµν :
(dAa − ωba) ∧ ea = ((∂µAa)eνa − ωbµaAbeνa)dxµ ∧ dxν ,
and
AbT
b = AbT
b
µνdx
µ ∧ dxν ,
then
F = ((∂µAa − ωbµaAb)eνa +AbT bµν)dxµ ∧ dxν
and so
Fµν = 2((∂[µAa − ωb[µaAb)eν]a +AbT bµν).
The Cartan equation results from the variation with respect to the spin connection of the total action
SG + SM−E :
0 = δωSG + δωSM−E .
The first term was obtained in section 32.A.1.; for the second term, using the expression for T bµν in section
29,
−1
4
δω(F
µνFµν) = −1
2
FµνδωFµν = −Fµνδω(1
2
((∂µAa − ωbµaAb)eνa − (∂νAa − ωbνaAb)eµa)
+Ab(∂µeν
b − ∂νeµb + ωbµaeνa − ωbνaeµa))
= −Fµν(−1
2
(δωbµa)Abeν
a +
1
2
(δωbνa)Abeµ
a +Ab((δω
b
µa)eν
a − (δωbνa)eµa))
= Fµν(δωbµa)Abeν
a − 2FµνAb(δωbµa)eνa = −FµνAbeνa(δωbµa) = −FµνAbeνaδωµba = −FµνA[beνa]δωµba
where we used the antisymmetry ωµba = −ωµab. Then
0 = −eaµTb + ebµTa + T µba − lFµνA[bea]ν .
Multiplying by eρ
beσ
a we obtain
T µρσ + δ
µ
ρTσ − δµσTρ = lFµ[σAρ] =
l
2
(FµσAρ − FµρAσ) = − l
2
Sµρσ
where
Sµρσ = F
µ
ρAσ − FµσAρ
is the canonical spin density tensor of the electromagnetic field obtained from the gauge invariant Lagrangian
density LM−E = − 14FµνFµν through the Noether theorem (Bogoliubov and Shirkov, 1980). Sµρσ is antisym-
metric in its lower indices but it is not gauge invariant:
δg.tr.(S
µ
ρσ) = 2F
µ
[ρ∂σ]λ
if δg.tr.(Aµ) = ∂µλ. In contradistinction with the density of energy-momentum Tµν of any matter field, which
always can be made gauge invariant (and symmetric), there is no known way to construct a gauge invariant
spin density tensor for the electromagnetic field. However, at least in the special relativistic classical and
quantum field theory context, after space integration of S0ρσ, all the results for the conserved spin angular
momentum tensor of the electromagnetic field are physical (light polarization, helicity states, etc.), and
therefore gauge independent. This means that Sµρσ is not directly observable, and then the same could be
concluded for the non gauge invariant torsion tensor produced by the electromagnetic spin.
By the same method of section 32 applied to the Dirac field, for the torsion one obtains
T µρσ =
l
2
(Sµρσ +
1
2
(δµσSρ − δµρSσ))
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with Sρ = S
µ
ρµ = F
µ
ρAµ.
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Appendix A
Fundamental theorem of riemannian geometry
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Definition: Let (M, g,∇) be a riemannian manifold with a linear connection ∇. ∇ and g are compatible
or, equivalently, ∇ is a metric connection in M , if for any smooth path c : (a, b) → M , λ 7→ c(λ), and any
pair of parallel vector fields V and V ′ along c (i.e. DVdλ =
DV ′
dλ = 0), then g(V, V
′) ≡< V, V ′ > is constant
along c.
Theorem: In any riemannian manifold (M, g) there exists a unique symmetric linear connection ∇, i.e.
a connection in the tangent bundle of M , which is compatible with the metric.
Proof:
Let X,Y, Z ∈ Γ(TM), and let ∇ be a metric and symmetric linear connection in M . Then:
< ∇XY, Z >= X < Y,Z > − < Y,∇XZ >= X < Y,Z >= X < Y,Z > − < Y,∇ZX + [X,Z] >
= X < Y,Z > − < Y,∇ZX > − < Y, [X,Z] >;
Z < Y,X >=< ∇ZY,X > + < Y,∇Z , X > implies < Y,∇ZX >= Z < Y,X > − < ∇ZY,X >
= Z < Y,X > − < ∇Y Z + [Z, Y ], X >; then:
< ∇XY, Z >= X < Y,Z > −Z < Y,X > + < ∇Y Z + [Z, Y ], X > − < Y, [X,Z] >;
Y < Z,X >=< ∇Y Z,X > + < Z,∇YX > implies < ∇Y Z,X >= Y < Z,X > − < Z,∇YX >
= Y < Z,X > − < Z,∇XY + [Y,X ] >= Y < Z,X > − < ∇XY, Z > − < Z, [Y,X ] >;
then:
< ∇XY, Z >= X < Y,Z > −Z < Y,X > +Y < Z,X > − < ∇XY, Z > − < Z, [Y,X ] >
+ < [Z, Y ], X > − < [X,Z], Y >
and therefore
< ∇XY, Z >= 12 (X < Y,Z > −Z < X, Y > +Y < Z,X > − < X, [Y, Z] > + < Y, [Z,X ]+ < Z, [X,Y ])
= 12 (X < Y,Z > − < X, [Y, Z] > +Y < Z,X > + < Y, [Z,X ] > −Z < X, Y > + < Z, [X,Y ]),
which gives an explicit expression for < ∇XY, Z > in terms of X,Y, Z and < , >= g.
In local coordinates, we choose X = ∂i, Y = ∂j , Z = ∂k; then [∂i, ∂j ] = 0 and therefore
< ∇∂i∂j , ∂k >=< Γlij∂l, ∂k >= Γlij < ∂l, ∂k >= Γlijg(∂l, ∂k) = Γlijglk = 12 (∂i < ∂j , ∂k > +∂j < ∂k, ∂i >
−∂k < ∂i, ∂j >) = 12 (∂igjk + ∂jgki − ∂kgij); multiplying by gmk = (g−1)mk, Γlijgmkglk = Γlijδml = Γmij
and therefore
Γmij =
1
2
gmk(∂igjk + ∂jgik − ∂kgij). (qed)
Clearly, Γmij = Γ
m
ji .
Remark: The theorem is also valid in pseudo-riemannian geometry; in particular for lorentzian manifolds.
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Note: In m dimensions, the number of independent components of the metric tensor and the Levi-Civita
connection are N(gµν ;m) =
m(m+1)
2 and N(Γ
µ
νρ;m) =
m2(m+1)
2 .
Appendix B
General form of the local version of a non (necessarily) metric and non (necessarily)
symmetric connection
Given a linear connection in a manifoldMn (Ln-space), with local Christoffel symbols Γµνρ, if in addition
the manifold is riemannian or pseudo-riemannian (Mn, g) (V n-space), one has a (Ln, g)-space. The non-
metricity tensor is defined as minus the covariant derivative of the metric:
Qµνρ = −Dµgνρ.
(Qµνρ = Qµρν .) Using section 7, by cyclic permutation of indices, one obtains
Γανµ = (ΓLC)
α
νµ +K
α
νµ +
1
2
gαρ(Qµνρ +Qνρµ −Qρµν)
where (ΓLC)
α
νµ is the Levi-Civita connection of section 13, and
Kανµ = T
α
νµ + g
αρT λρµgλν + g
αρT λρνgλµ
is the contortion tensor, with
Kανµ = (KA)
α
νµ + (KS)
α
νµ,
(KA)
α
νµ = T
α
νµ = −(KA)αµν ,
(KS)
α
νµ = (KS)
α
µν = g
αρ(T λρµgλν + T
λ
ρνgλµ).
A metric connection is one in which Qµνρ = 0 i.e. the connection is compatible with the metric, but non
necessarily symmetric:
Γ = ΓLC + contortion.
(Un-space.) In particular, scalar products and lengths of vectors are constant in parallel transport. (In fact,
||V ||2,µ = (gαβVαVβ),µ = gαβ,µV αV β +2gαβV αV β,µ = 2Vβ(V β,µ+ΓβµαV α) = 2VβV β ;µ = 0.) A physical case
corresponds to the Einstein-Cartan theory of gravity. (Cartan, 1922.)
A symmetric connection is one in which torsion vanishes i.e. T µνρ = 0:
Γ = ΓLC + non−metricity.
A particular case is the Weyl connection (1918):
non−metricity = Qµνρ = gνρAµ
with A = Aµdx
µ a 1-form. (In natural units, [Aµ] = [mass] if [x
µ] = [length].)
Appendix C
1. If a = (aij) is an invertible matrix with aij = aij(x), then ∂µ(det a) = aij,µ(det a)a
ij , where
aij = (a−1)ij . In particular, for the metric tensor,
g,ρ = gµν,ρgg
µν
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where g = detgµν . Then, for the Levi-Civita connection,
(ΓLC)
µ
νµ =
1
2
gµλ(∂νgµλ + ∂µgνλ − ∂λgνµ) = 1
2
gµλgµλ,ν =
1
2
g−1(ggµλgµλ,ν) =
1
2g
g,ν =
1
2(−g)(−g),ν
=
1
(−g) 12 ∂ν(−g)
1
2 =
√−1
∂ν
√
.
2. From 1., ∂ν
√
=
√
2 g
µλgµλ,ν ; then, δ
√
= (∂ν
√
)δxν =
√
2 g
µλgµλ,νδx
ν =
√
2 g
µλδgµλ. Using g
ρλ =
ηabea
ρeb
λ (section 28.6), we obtain gµλδgµλ = 2ed
λδeλ
d and so δe = eed
λδeλ
d with e =
√
. From ed
λeλ
f =
δfd , δe = −eeλdδedλ.
Appendix D
Lorentz gauge invariance of the Ricci scalar
(This proof is due to G. D’Olivo.)
The Ricci scalar is given by
R = ηbdea
µed
ν(∂µω
a
νb − ∂νωaµb + ωaµcωcνb − ωaνcωcµb) ≡ ηbdeaµedν((3)− (4) + (1)− (2)).
Under the transformation
ωaµc = hc
lω′rµlh
−1
r
a
+ (∂hc
l)h−1l
a
we have:
(1) = (a) + (b) + (c) + (d) with
(a) = hc
lω′rµlh
−1
r
a
hb
gω′sνgh
−1
s
c
, (b) = hc
lω′rµlh
−1
r
a
(∂νhb
g)h−1g
c
,
(c) = hb
gω′sνgh
−1
s
c
(∂µhc
l)h−1l
a
, (d) = (∂µhc
l)h−1l
a
(∂νhb
g)h−1g
c
;
(2) = (e) + (f) + (g) + (h) with
(e) = hc
gω′sνgh
−1
s
a
hb
lω′rµlh
−1
r
c
, (f) = hc
gω′sνgh
−1
s
a
(∂µhb
l)h−1l
c
,
(g) = hb
lω′rµlh
−1
r
c
(∂νhc
g)h−1g
a
, (h) = (∂νhc
l)h−1l
a
(∂µhb
g)h−1g
c
;
(3) = [1] + [2] + [3] + [4] with
[1] = hb
nh−1t
a
(∂µω
′t
νn), [2] = ω
′t
νn∂µ(hb
nh−1t
a
), [3] = (∂µ∂νhb
n)h−1n
a
, [4] = (∂νhb
n)(∂µh
−1
n
a
);
and (4) = [5] + [6] + [7] + [8] with
[5] = hb
lh−1s
a
(∂νω
′s
µl), [6] = ω
′s
µl∂ν(hb
lh−1s
a
), [7] = (∂ν∂µhb
l)h−1l
a
, [8] = (∂µhb
l)(∂νh
−1
l
a
).
Now,
[3]− [7] = (∂µ∂νhbn)h−1n a − (∂ν∂µhbl)h−1l
a
= 0,
(b) + (c) = ω′rµlh
−1
r
a
∂νhb
l − ω′sνghbg∂µh−1s a,
(f) + (g) = ω′sνgh
−1
s
a
∂µhb
g − ω′rµlhbl∂νh−1r
a
;
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so
((b) + (c))− ((f) + (g)) = ω′rµl∂ν(h−1r ahbl)− ω′sνg∂µ(h−1s ahbg);
also,
[2]− [6] = ω′sνg∂µ(hbgh−1s a)− ω′rµl∂ν(hblh−1r a);
then
((b) + (c))− ((f) + (g)) + ([2]− [6]) = 0.
Also,
[4]− [8] = (∂νhbl)(∂µh−1l
a
)− (∂µhbl)(∂νh−1l
a
)
and
(d)− (h) = (∂νh−1l
a
)(∂µhb
l)− (∂µh−1l
a
)(∂νhb
l);
so
([4]− [8]) + ((d)− (h)) = 0.
Finally,
[1]− [5] + (a)− (e) = hblh−1s a(∂µω′sνl − ∂νω′sµl + ω′sµrω′rνl − ω′sνrω′rµl).
Therefore,
R = ηbdea
µed
νhb
lh−1s
a
(∂µω
′s
νl−∂νω′sµl+ω′sµrω′rνl−ω′sνrω′rµl) = ηltes′µet′ν(∂µω′sνl−∂νω′sµl+ω′sµrω′rνl−ω′sνrω′rµl)
= R′. (qed)
Appendix E
Affine spaces
An affine space is a triple (V, ϕ,A) where V is a vector space, A is a set, and ϕ is a free and transitive
left action of V as an additive group on A:
ϕ : V ×A→ A, (v, a) 7→ v + a,
with
0 + a = a and (v1 + v2) + a = v1 + (v2 + a), for all a ∈ A and all v1, v2 ∈ V.
Then, given a, a′ ∈ A, there exists a unique v ∈ V such that a′ = v+a. Also, if v0 is fixed in V , ϕv0 : A→ A,
ϕv0(a) = ϕ(v0, a) is a bijection.
Example. A = V : The vector space itself is considered as the set on which V acts. In particular, when
V = TxM
n and A = TxM
n, the tangent space is called affine tangent space and denoted by AxM
n. The
points “a” of AxM
n are the tangent vectors at x.
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It is clear that to define an action of GAn(R) on AxM
n, we need a frame at x i.e. we have to consider
the bundle of affine frames AMn so that (vx, rx)(ξ, g) = (vx + rxξ, rxg).
Appendix F
Gauge transformations in G-bundles
A gauge transformation or vertical automorphism of a (smooth) principal G-bundle ξ : G→ P pi−→ B is
a diffeomorphism α : P → P such that the following diagram commutes:
P ×G α×IdG−→ P ×G
ψ ↓ ↓ ψ
P
α−→ P
π ↓ ↓ π
B
IdB−→ B
(ψ is the action of G on P .) That is:
α ◦ ψ = ψ ◦ (α× IdG) i.e. α(pg) = α(p)g
and
π ◦ α = π i.e. π(α(p)) = π(p).
So, α(p) = ph with h ∈ G.
The set of gauge transformations of ξ, G(ξ), is called the gauge group of the bundle.
Local form of α
A local trivialization of ξ is given by the commutative diagram
PU
ΦU−→ U ×G
π ↓ ↓ π1
U
IdU−→ U
i.e. π1 ◦ ΦU = π, where PU = π−1(U), ΦU is a diffeomorphism, U is an open subset of B, and π1(p, g) = p.
ΦU defines the local section of ξ, σU : U → PU , σU (b) = Φ−1U (b, e) where e is the identity in G. Then
there exists the smooth function
αU : U → G, b 7→ αU (b)
which determines α for all p ∈ PU . In fact, let p = σU (b); then
α(σU (b)) = σU (b)g ∈ Pb = π−1({b}),
and so
αU (b) = g
with g unique since ψ acts freely on P and transitively on fibers. If p′ ∈ Pb, then p′ = σU (b)h and
α(p′) = α(σU (b)h) = α(σU (b))h = (σU (b)αU (b))h = σU (b)(αU (b)h). This holds for all b ∈ U .
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